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Summary
T h e  sc ien tific  fie ld  o f in fo rm a t io n  th e o ry  p ro v id e s  a  m a th e m a t ic a l fram e w o rk  w h ic h  
a im s  to  q u a n t ify  the  m a x im u m  ach ie vab le  d a ta  ra te  over a  c o m m u n ic a t io n  channel. 
T h e  u n d e r ly in g  m a th e m a t ic a l c o n ce p ts to  p re d ic t  the  c a p a c ity  o f a  s in g le  c o m m u n ic a ­
t io n  l in k  were de ve loped  b y  S h a n n o n  m o re  th a n  h a lf  a  c e n tu ry  ago . T h e  f irst  im p o r ta n t  
a tte m p t  to  s tu d y  the  c a p a c ity  o f  a  ce llu la r  sy s te m  w as carr ied  o u t in  th e  la st  decade. 
T h a t  w o rk  b y  W y n e r  in tro d u c e d  the  con ce p t o f  B a se  S ta t io n  co -o p e ra tion . T h e  a v a il­
a b le  in fo rm a t io n  the ore tic  f in d in g s  are n o t  d ire c t ly  u sa b le  to  p ro v id e  re a lis t ic  e stim a te s  
fo r the  c a p a c ity  o f p ra c t ic a l sy s te m s  s in ce  th e y  can n o t  m o d e l the  effect o f ch an ge s  
in  p h y s ic a l p a ra m e te rs  in  the  e n v iro n m e n t like  p a th  lo ss  e x p o n e n t a n d  the  d istan ce  
betw een  the  ad jace n t cell sites.
T h e  o b jec tive  o f th is  w o rk  is  to  e x te n d  th e  k n o w n  fo rm u la t io n s  for the  c a p a c ity  o f the  
G a u s s ia n  C e llu la r  M u lt ip le  A c c e s s  C h a n n e l ( G C M A C )  w ith  jo in t  p ro c e ss in g  b y  in c o r ­
p o r a t in g  p a th  lo ss  a n d  o th e r c h an n e l c o n d it io n s  th a t  represent a  rea l c o m m u n ic a t io n  
sy s te m  a n d  th u s  to  p ro v id e  a  m o re  re a lis t ic  a n a ly t ic a l u p p e r  b o u n d  for the  c a p a c ity  o f  
the  w ire le ss ce llu lar  netw ork. I n  th is  d irec tion , the  ava ila b le  G C M A C  m o d e l w ith  jo in t  
p ro c e ss in g  a n d  s m a ll sca le  fa d in g  is  ex te n d ed  b y  a d d in g  m u lt ip le  a n te n n a s  a t  the  B a se  
S ta t io n s  ( B S s )  a n d  U se r  T e rm in a ls  ( U T s )  a n d  b y  re m o v in g  the  a s su m p t io n  th a t  U T s  
are co -lo ca te d  a t  the  B S  p o s it io n . S in ce  it  is co n c lu d e d  th a t  the  a va ila b le  G C M A C  
m o d e l is n o t  su ffic ien t to  a n a ly se  m o re  c o m p le x  sy ste m s a  n ew  m o d e l is  b u ilt  w h ic h  
en ab le s the  e v a lu a t io n  o f the  ach ievab le  c a p a c ity  o f  m o re  re a lis t ic  sy ste m s. B a se d  on  
th is  m o d e l a  n ew  ge om e tr ic  a n d  m a th e m a t ic a l m o d e l is  a lso  de ve lo p e d  w h ic h  en ab le s  
th e  s tu d y  o f  fa irn e ss a n d  u ser ra te  d is t r ib u t io n  in  jo in t  p ro ce ss in g  sy s te m s  w ith  sm a ll  
a n d  la rge  sca le  fad in g .
T h e  a n a ly s is  p ro v id e s  se vera l a ch ievab le  c a p a c ity  fo rm u lae  a n d  so m e  v e ry  u se fu l in s ig h ts  
on  th e  b e h a v io r  o f  the  s u m  ra te  as w e ll a s  the  fa irness, w h e n  ce rta in  sy s te m  p a ra m e te rs  
change , are derived. T h e  fo rm u la e  c a n  be  u se d  to  eva lu ate  the  ach ievab le  su m  rate  
o f p ra c t ic a l sy s te m s  e m p lo y in g  fu ll B S  co -o p e ra tion , g iv e n  the  p a ra m e te rs  th a t  co n tro l 
th a t  capacity.
K e y  w o r d s :  M u lt i -u s e r  In fo rm a t io n  T h e o ry , B a se  S ta t io n  coo p e ra tio n , C a p a c it y  L im ­
its, G C M A C ,  S h a d o w  F a d in g ,  U se r  R a t e  D is t r ib u t io n
A c k n o w l e d g e m e n t  s
I  w o u ld  like  to  de d ica te  th is  th e s is  to  a ll  tho se  w h o  su p p o r te d  m e  th r o u g h o u t  m y  stu d ies.
F ir s t  o f  a ll I  w o u ld  like  to  th a n k  D r .  R e z a  H o sh y a r  a n d  D r .  C o s t a s  T z a ra s ,  w h o  h ave  
p ro v id e d  m e  w ith  the  n ecessary  su p p o r t  a n d  a d v ice  th ro u g h o u t  the  d u ra t io n  o f m y  
research. M o re o ve r, I  w o u ld  like  to  expre ss m y  sincere  g ra t itu d e  to  D r .  M u h a m m a d  
A l i  Im r a n  for h is  co n tin u o u s  su p p o r t  a n d  v a lu a b le  gu idan ce .
I  w o u ld  n o t  b e  ab le  to  f in ish  th is  th e s is  w ith o u t  the  v a lu a b le  c o n tr ib u t io n  o f  id e as fro m  
m y  close fr ie n d  a n d  co lle agu e  M r .  E f s t a th io s  K a t r a n a r a s .
F u rth e rm o re , a  v e ry  sp e c ia l th a n k s  go e s o u t  to  a ll  m y  fr ie n d s in  G u ild fo r d  w h o  m a d e  
m y  yea rs in  U n iv e r s it y  o f  S u r re y  a  re a lly  en joyab le  a n d  re w a rd in g  experience.
T h a n k s  to  the  u n in te rru p te d  su p p o r t  a n d  the  p re c io u s a d v ic e  fro m  m y  paren ts, T h a n a -  
s is  a n d  M y r s in i,  a n d  m y  sister, A th in a ,  I  h a d  the  chance  to  a c c o m p lish  m y  goa ls.
Im p o r ta n t ly ,  I  w o u ld  like  to  th a n k  N a t a l ia  P lia k o u . H e r  u n c o n d it io n a l love  a n d  su p p o r t  
p ro ve d  in v a lu a b le  a n d  in s tru m e n ta l in  su c ce ssfu lly  c o m p le t in g  th is  the sis.
Contents
1 Prologue 1
1.1 O b je c t iv e  a n d  m o t i v a t i o n ...........................................................................  4
1.2 F u n d a m e n ta l a s s u m p t i o n s ...................................    5
1.3 M a j o r  c o n tr ib u t io n s  ....................................................................................  5
1.4 T h e s is  o u t l i n e ................................................................................................  6
1.5 L is t  o f  P u b l ic a t io n s .......................................................................................  8
2 Literature review and Background theory 9
2.1 B a c k g r o u n d .............................    9
2.1.1 In fo rm a t io n  T h e o r y  ......................................................................... 11
2.2 M I M O  M u lt i -u s e r  s y s t e m ............................................................................  12
2.3 C a p a c it y  o f  M u lt i -u s e r  C e llu la r  S y s t e m s ...................................................  15
2.3.1 W y n e r ’s L in e a r  M o d e l ...................................................................... 17
2.3.2 W y n c r ’s P la n a r  M o d e l ...................................................................... 18
2.3.3 M u lt i -u s e r  C e llu la r  S y s te m  w ith  F a d i n g .......................................  18
2.3.4 M I M O  C e llu la r  S y s t e m ...................................................................  20
2.4 M a th e m a t ic a l  b a c k g ro u n d  a n d  lim ita t io n s  o f  cu rren t lite ra tu re  ............ 21
2.5 M a th e m a t ic a l  m o d e l a n d  p ro b le m  d e f in i t i o n .............................................  24
2.5.1 T h e  con ce p t o f  R is e  over T h e r m a l ................................................  27
2.6 M o d if ie d  P a t h  L o s s  M o d e l ............................................................................ 29
2.6.1 C a lc u la t io n  o f  p a t h  lo ss  fa c to r  ....................................................... 30
2.6.2 R e la t io n  to  the  E m p ir ic a l  M o d e l s .................................   32
page i
C o n t e n t s
2.6.3 M a c ro -c e ll:  P C S  e x te n s io n  to  H a t a  m o d e l [4 3 ] ..............................  32
2.6.4 W id e b a n d  P C S  M ic r o c e ll M o d e l  [ 4 3 ] ...............................................  33
2.6.5 R e la t in g  the  S im p lif ie d  P a t h  L o s s  M o d e l
a n d  E m p ir ic a l  M o d e l s ......................................................................  35
2.7 C o n c lu s i o n s .................................................................................................... 36
3 Generic extensions to GCMAC with joint processing and small scale 
fading 38
3.1 In t r o d u c t io n .................................................................    39
3.2 O u t lin e  ..........................................................................................................  41
3.3 C h a n n e l d e f i n i t i o n ........................................................................................ 41
3.3.1 C h a n n e l M o d e l ...................................................................................  41
3.3.2 C h a n n e l M a t r i x ...................................................................................  43
3.4 C e ll C a p a c i t y ................................................................................................. 43
3.5 E x te n s io n  to  G C M A C  w ith  sm a ll sca le  f a d i n g - M I M O ................................ 46
3.5.1 R e s u lt s  a n d  D i s c u s s i o n .......................................................................  49
3.5.2 R e s u lt s  for p ra c t ic a l sy s te m s  ...........................................................  52
3.6 E x te n s io n  to  G C M A C  w ith  sm a ll  sca le  fa d in g  - M u lt ip le  T ie r s  o f  U se rs
a n d  P a t h  L o s s ..................................................................................................  54
3.6.1 C e l l  C a p a c it y  A n a l y s i s ........................................................................ 58
3.6.2 R e s u lt s  a n d  D is c u s s io n   ....................................................................  62
3.7 C o n c lu s i o n s ....................................................................................................  63
4 Capacity of CGMAC with joint processing, small and large scale fad­
ing 69
4.1 In t r o d u c t io n ....................................................................................................  70
4.2 O u t lin e  ........................................................................................................... 71
4.3 C h a n n e l M o d e l ..............................................................................................  72
4.3.1 In p u t - O u t p u t  E q u a t i o n ....................................................................  72
4.3.2 F a d in g  M o d e l .......................................................................................  72
4.3.3 P a t h  L o s s  M o d e l .................................................................................  73
4.3.4 S h a d o w  F a d in g  M o d e l ........................................................................ 74
4.4 C a p a c it y  o f  the  S y s te m   ................................................................... 75
4.4.1 G e n e ra l C a p a c it y  F o r m u la .................................................................. 75
page ii
C o n t e n t s
4.4.2 p d f  o f  tlie  D is t a n c e  D e p e n d e n t  P a t h  L o s s .....................................  77
4.4.2.1 C a p a c it y  o f  a  S y s te m  w ith o u t  s h a d o w i n g .....................  79
4.4.3 C a p a c it y  w ith  S h a d o w  F a d i n g ...........................................................  80
4.4.4 R e la t io n  to  R is e  over T h e r m a l ........................................................  84
4.5 C a p a c ity  w ith  m u lt ip le  a n t e n n a s .................................................................  84
4.6 C a p a c it y  U n d e r  C o r re la te d  S h a d o w i n g ........................................................ 86
4.7 S y s te m  S i m u l a t i o n .........................................................................................  87
4.7.1 G e n e ra t io n  o f  C o r re la te d  S h a d o w in g  c o e ff ic ie n ts -B a se  S ta t io n  cro ss-
co rre la tion  ......................................................................................... 88
4.7.1.1 E ig e n v a lu e  m e t h o d .............................................................  90
4.7.2 G e n e ra t io n  o f  C o r re la te d  S h a d o w in g  coefficients - U se r  cro ss­
c o rre la tio n    91
4.8 R e s u lt s  a n d  d i s c u s s i o n ...................................................................................  92
4.9 C o n c lu s i o n s ...................................................................................................... 93
5  F a i r n e s s  a n d  u s e r  r a t e  d i s t r i b u t i o n  in  j o in t  p r o c e s s i n g  s y s t e m s  1 0 0
5.1 In t r o d u c t io n .........................................................................................................100
5.2 O u t lin e  ...............................................................................................................101
5.3 S y s te m  m o d e l a n d  ge n e ra l fra m e w o rk  ........................................................... 101
5.3.1 In p u t - O u t p u t  E q u a t i o n ....................................................................... 101
5.3.2 P a t h  lo ss  a n d  fa d in g  m o d e l s ................................................................. 102
5.3.3 G e n e ra l f r a m e w o r k .................................................................................102
5.4 U se r  D e c o d in g  o r d e r s ..........................................................................................104
5.4.1 G e o m e tr ic  F o rm u la t io n  ........................................................................104
5.4.2 F o rw a rd  o r d e r in g ....................................................................................105
5.4.3 R e v e rse  o r d e r i n g ....................................................................................105
5.4.4 M id d le  o r d e r in g ....................................................................................... 106
5.4.5 S te p s  ...................................................................................................... 107
5.5 A v e ra g e  user s u m - r a t e ...................................................................................... 107
5.5.1 G e n e ra l C a p a c it y  F o r m u la t io n  ............................................................107
5.5.2 U se r  su m -ra te  p e r su b se t  a n d  ave rage  user r a t e ................................109
5.6 R e s u lt s  -  U se r  rates a n d  U se r  ra te  d is t r ib u t io n  ............................................109
5.7 C o n c lu s i o n s ......................................................................................................... 118
page iii
C o n t e n t s
6 Epilogue 119
6.1 C o n c lu s iv e  S u m m a r y .........................................................................................119
6.2 F u tu re  W o r k  ......................................................................................................121
6.2.1 C o d in g  a n d  m o d u l a t i o n .......................................................................122
6.2.2 W id e -b a n d  F a d in g  C h a n n e l .................................................................122
6.2.3 L im it e d  B S  C o - o p e r a t i o n ....................................................................122
6.2.4 L im ite d  C h a n n e l S ta te  In f o r m a t io n .....................................................123
6.2.5 Q o S  c o n s t r a in t s .......................................................................................124
6.2.6 U se r  D e c o d in g  O r d e r s .......................................................................... 124
Bibliography 125
List of Figures
2.1 L in e a r  ce llu la r  a r ra y  m o d e l ........................................................................  16
2.2 P la n a r  ce llu la r  a r r a y  m o de l. T h e  d o tte d  lin e s in d ic a te  the  interference
p a t te rn ........................................................................................................   18
2.3 A  co n ve n t io n a l s y s te m  w ith  c o o p e ra t in g  base  s t a t io n s ..............................  22
2.4 D e f in it io n s  o f  d is ta n c e s  for m o d ifie d  p a th  lo ss  m o d e l  .................  30
2.5 A v e ra g e  d is ta n c e  u sed  for m o d ifie d  p a t h  lo ss  m o d e l be tw een  in te rfe r in g
tra n sm itte r s  fro m  th e  b a se  s ta t io n  o f  in te re st..............................................  30
2.6 C o m p a r iso n  o f  E m p ir ic a l  M o d e ls  w ith  S im p lif ie d  P a t h  L o s s  m o d e l u s in g
a p p ro p r ia te  p a ra m e te rs  for S im p lif ie d  P a t h  L o s s  M o d e l ...........................  35
3.1 [R aste r  Scan] M a p p in g  (a s s ig n in g )  the  2 D  in d ice s  to  the  row  in d ice s c
u sed  a s  the  su b sc r ip t  o f  n c for a n  e x am p le  o f  a  5x5 s y s t e m .....................  45
3.2 C a p a c ity  v e rsu s  R is e  over T h e r m a l ( R o T ) ................................................  50
3.3 C a p a c it y  v e rsu s m e a n  v a lu e  o f  f a d in g  fo r  different n u m b e r  o f  a n ten n as
(a  =  0.1)     51
3.4 P e r-ce ll c a p a c ity  v e rsu s  R is e -o v e r -T h e rm a l for a  p la n a r  ce llu la r  sy stem . . 53
3.5 A  cell rep resented  a s  a  c lu ste r  o f  seven  h e x a g o n a l su b c e lls .......................  54
3.6 S y s te m  m o d e l w ith  5 tiers, each  h a v in g  a  different interference factor. . 55
3.7 F u lly - In d e x e d  ce ll a lo n g  w ith  its  s ix  su r ro u n d in g  n e ig h b o r s ......................  56
3.8 H e x a g o n s  re p re se n t in g  a ll t ie rs  o f  interference a n d  the  t r ia n g le s  u sed  to
fin d  each  h e x a g o n ’s s id e ..................................................................................  60
3.9 G e o m e tr ic a l rep re se n ta tio n  o f  the  m e th o d  fo llow ed  to  fin d  the  average
d istan ce  o f the  p o in ts  on  the  b o u n d a r y  o f  each  t i e r .................................. 61
3.10 Pe r-ce ll c a p a c ity  vs. p a th  lo ss  e x p o n e n t .................................................... 64
3.11 Pe r-ce ll c a p a c ity  vs. cell R o T  for the  p ro p o se d  p la n a r  sy s te m  m o d e l a n d  
c o m p a r iso n  w ith  the  c o r re sp o n d in g  W y n e r ’s  m o d e l....................................  65
page v
L is t  o f  F ig u r e s
3.12 R e a l-w o r ld  S y s te m  P e r-ce ll c a p a c ity  (u p p e rb o u n d ) vs. R o T ........ 66
4.1 B lo c k  d ia g r a m  il lu s t r a t in g  the  p ro ce ss  fo llow ed  in  e q u a tio n  (4.11) . . .  . 77
4.2 R e feren ce  a re a  c o n ta in in g  u se rs w ith  the  sa m e  p a th  lo s s ................. 78
4.3 P d f  o f  the  d istan c e -d e p e n d e n t  a tte n u a t io n  for the  p la n a r  sy stem . C o v ­
erage 3 K m ,  p a th  lo ss  fa c to r  3.5, L q =  0 d B   79
4.4 S im p le  e x p la n a t io n  fo r  the  n e ga tiv e  offset th a t  needs to  b e  fo u n d  so  a s
to  be ab le  to  c o m p are  the  c a p a c ity  w ith  a n d  w ith o u t  s h a d o w in g ... 82
4.5 P d f  o f  the  sh a d o w in g  coeffic ien ts fo r  different v a lu e s o f  the  s ta n d a rd
d e v ia t io n  m u lt ip lie r  a n d  re sp e ctive  c o n sta n t  p a th  lo ss  v a lu e ............ 83
4.6 D is ta n c e s  a n d  a n g le s  u se d  in  o u r  m o d e l ...................................................  88
4.7 P e r  cell c a p a c ity  o f  the  sy s te m  v e rsu s  R is e  over T h e r m a l in  d B ................ 93
4.8 P e r  cell c a p a c ity  o f  the  sy s te m  v e rsu s  cell r a d iu s ........................................  94
4.9 P e r  cell c a p a c ity  o f  the  sy s te m  ve rsu s  user p o w e r.......................................  95
4.10 C a p a c it y  w ith  a n d  w ith o u t  co rre la tion . B S  co rre la tio n  a p p lie d  first . . .  96
4.11 C a p a c it y  w ith  a n d  w ith o u t  co rre la tion . B S  c o rre la tio n  a p p lie d  first . . .  97
4.12 C a p a c it y  w ith  a n d  w ith o u t  co rre la tion . U T  co rre la t io n  a p p lie d  first  . . .  98
5.1 U se r  su b se ts  e x a m p le ..............................................................................104
5.2 H e x a g o n  c o n ta in in g  u se rs th a t  are b e in g  de coded  s im u ltan e o u sly . . . . .  104
5.3 T w o  step s o f  the  fo rw a rd  d e c o d in g  o rd e r ........................................................ 105
5.4 T w o  step s o f  th e  fo rw a rd  reverse d e c o d in g  o rd e r............................................. 106
5.5 T w o  step s o f  th e  m id d le  d e c o d in g  o rd e r .............................................. 106
5.6 D e c o d e d  u se r su m -ra te  for d ifferent d e c o d in g  ranges. D e c o d in g  ran ge
eq u a l to  the  ce ll’s ra d iu s  p ro v id e s  th e  fu ll cell s u m -ra te .....................110
5.7 D e c o d e d  user su m -ra te  fo r  d ifferent d e co d in g  ranges. D e c o d in g  ran ge
eq u a l to  the  c e ll’s r a d iu s  p ro v id e s  th e  fu ll cell s u m -ra te .....................I l l
5.8 U se r  ra te  cdfs, one  a n te n n a  a t  each  B S ...................................................112
5.9 U se r  ra te  cdfs, one a n te n n a  a t  each  B S ................................................... 113
5.10 D e c o d e d  u se r su m -ra te  for d ifferent d e co d in g  ran ge s  a n d  2 b y  2 M I M O .  114
5.11 D e c o d e d  u se r su m -ra te  for d ifferent d e c o d in g  ra n ge s  a n d  2 b y  2 M I M O .  115
5.12 U se r  ra te  cd fs for 2 b y  2 M I M O .................................................................... 116
5.13 U se r  rate  cd fs for 2 b y  2 M I M O .................................................................... 117
page v i
List of Tables
2.1 V a l id  R a n g e  o f  P a ra m e te r  V a l u e s .................................................... 33
2.2 P a ra m e te rs  for the  W id e b a n d  m ic ro -ce ll m o d e l a t  1900 M H z ......  35
2.3 V a lu e / R a n g e  o f  p a ra m e te rs  u se d  fo r  f in d in g  the  c a p a c ity  o f  the  p ra c t ic a l
ce llu la r  s y s t e m s ............................................................................................... 36
3.1 P a t h  g a in  t ie rs a n d  the ir  re spe ctive  ave rage  d istan ce  fro m  th e  cen tra l B S .  62
page v ii
N o m e n c l a t u r e
G e n e r a l  N o t a t i o n
A  C o n s ta n t  or S y s te m  p a ra m e te r
A  M a t r ix
A  Se t
a  V a r ia b le  or in d e x
a  V e c to r
d e t(-) D e te rm in a n t  o f the  m a t r ix
d ia g ( v )  F o r m  a  sq u are  d ia g o n a l m a t r ix  w ith  e lem ents o f  ve c to r  v  a s  the  c o r re sp o n d in g  d ia g o n a l  
entries
E { * }  E x p e c ta t io n  o f  a rg u m e n t
m in (-,  •) F u n c t io n  th a t  re tu rn s  th e  sm a lle r  o f  th e  tw o  a rg u m e n ts
a  In te rfe ren ce  fac to r
7 S ig n a l to  no ise  ra t io
A  P a t h  lo ss  e xpo ne nt
A  C o v a r ia n c e  m a t r ix  for the  rece ived  s ig n a l vecto r
$  S p e c t r u m  (e igen value  d is t r ib u t io n )  o f  the  covarian ce  m a t r ix
S& L a r g e  sca le  fa d in g  m a t r ix
V a r ia n c e  p ro file  fu n c t io n  
A n ( A )  u th e igenva lue  o f  the  m a t r ix  A
A r x g  M a t r ix  w ith  R  row s a n d  C  c o lu m n s
(•)* C o m p le x  c o n ju ga te  o f  the  a rg u m e n t
(■)T  V e c to r  or m a t r ix  t ra n sp o se
(•)*! H e r m it ia n  tran sp o se : c o m p le x  co n ju ga te  e lem ents a n d  t ra n sp o se  o f a rg u m e n t  
<g> N o ta t io n  for K ronecker  p ro d u c t
O  N o ta t io n  for H adam ard  (e le m en t-w ise ) p ro d u c t
g  F a d in g  coefficients
D  L in e a r  ce llu la r  sy s te m  sp a n  (to ta l le n g th )
K  N u m b e r  o f  u se rs p e r  u n it  a re a
K  N u m b e r  o f u se rs in  each  cell
£  V a r ia n c e  p ro file  o r  p a th  lo ss  m a t r ix
G  F a d in g  m a t r ix
H C h a n n e l m a t r ix
page v iii
N o m e n c l a t u r e
N N u m b e r  o f  ce lls in  the  s y s te m  ( in  one d im e n s io n )
nR* N u m b e r  o f  a n te n n a s  a t  th e  receiver
n T x N u m b e r  o f  a n te n n a s  a t  the  t ra n sm it te r
r , r E x p e c ta t io n  o f  th e  covarian ce  m a t r ix  o f  the  received s ig n a l vec to r
s In te r -S ite -D is ta n c e
X T ra n sm it te d  s ig n a l
y R e c e iv e d  s ig n a l
z N o ise  s ig n a l
I  K x K A n  id e n t ity  m a t r ix  o f  d im e n s io n s  K x K
T  r,i (r , t)th b lo c k  o f  a  B lo c k  M a t r ixJu , v  
jr,t (u, v)th e n try  o f  (r, t)th b lo c k  o f  a  B lo c k  M a t r ix
Xz’7, x l4 V e c to r  or v a r ia b le  in  ith ro w  a n d  j th c o lu m n  p o s it io n
A y C o v a r ia n c e  m a t r ix  o f  o u tp u t  vec to r  y
_A
N o ta t io n  for defined as
A c r o n y m s
I D O n e  D im e n s io n a l
2 D T w o  D im e n s io n a l
A W G N A d d it iv e  W h it e  G a u s s ia n  N o ise
B C B r o a d c a s t  C h a n n e l
b p s b its  p e r  se co n d
B S B a s e  S ta t io n
C D F C u m u la t iv e  D is t r ib u t io n  F u n c t io n
C D I C h a n n e l D is t r ib u t io n  In fo rm a t io n
C S I R C h a n n e l S ta te  In fo rm a t io n  a t  the  R ece ive r
C S I T C h a n n e l S ta te  In fo rm a t io n  a t  the  T ra n sm it te r
D F T D isc re te  F o u rie r  T ra n s fo rm
fdo fo rw a rd  d e c o d in g  o rde r
G C M A C G a u s s ia n  C e llu la r  M u lt ip le  A c c e s s  C h a n n e l
I S D In te r -S ite -D is ta n c e
L o S L in e -o f -S ig h t
m d o m id d le  d e c o d in g  order
M I M O M u lt ip le  In p u t  M u lt ip le  O u t p u t
P D F P r o b a b il it y  D is t r ib u t io n  F u n c t io n
rd o reverse d e c o d in g  order
R o T R is e  over T h e r m a l
S N I R S ig n a l to  N o is e  a n d  In te rfe re n ce  R a t io
S N R S ig n a l to  N o is e  R a t io
U T U se r  T e rm in a l
page ix
C hapter
P r o l o g u e
I n  the  p ast, w ire le ss sy s te m s  w ere d e s ign e d  to  a c c o m m o d a te  a  la rge  n u m b e r  o f vo ice  
a n d /o r  lo w  d a ta  ra te  users. W i t h  the  em ergence  a n d  co n tin u o u s g ro w th  o f  w ire le ss  
d a ta  services, the  va lu e  o f  w ire le ss n e tw o rk s  is  n o t  o n ly  de fined  b y  h o w  m a n y  u sers it  
c a n  su p p o r t  b u t  a lso  b y  its  a b il ity  to  con ce n trate  la rge  a m o u n ts  o f  d a ta  c a p a c ity  a t  
lo ca liz e d  sp o ts. T h u s ,  in  the  age  o f  w ire le ss da ta , u ser d a ta  ra te  su rge s  a g a in  a s a n  
im p o r ta n t  m etric.
T h e  sc ien tific  fie ld  o f in fo rm a t io n  th e o ry  p ro v id e s  a  m a th e m a t ic a l fra m e w o rk  th a t  
a im s  to  q u a n t ify  the  m a x im u m  ach ievab le  d a ta  ra te  over a  c o m m u n ic a t io n  channel. 
S h a n n o n [ l]  w a s  the  first to  de ve lop  the  u n d e r ly in g  m a th e m a t ic a l con ce p ts th a t  h e lpe d  
h im  p re d ic t  the  c a p a c ity  o f  a  s in g le  c o m m u n ic a t io n  lin k  ( th a t  is, the  m a x im u m  ach iev ­
ab le  d a ta  ra te  w ith  zero error th a t  c a n  be  su p p o r te d  over the  c o m m u n ic a t io n  lin k  a s­
su m in g  n o  c o n stra in ts  o n  c o m p le x ity  a n d  de lay ). I t  to o k  h a lf  a  c e n tu ry  o f en g in ee rin g  
to  im p le m e n t c o d in g  tech n iq ue s (e.g. T u r b o  a n d  L D P C  code s) th a t  ach ieve  c ap ac i­
tie s c lose  to  S h a n n o n ’s p re d ic tion . H ow ever, th is  fact v a lid a te d  the  im p o r ta n c e  o f  the  
in fo rm a t io n  theoretic  u p p e r  b o u n d s  for the  s tu d y  o f  the  c a p a c ity  o f  c o m m u n ic a t io n  
system s.
S in ce  then, c o m m u n ic a t io n  sy ste m s h ave  evo lve d  fro m  a  s im p le  tra n sm itte r-re ce iv e r  
l in k  to  c o m p le x  u b iq u ito u s  c o m m u n ic a t io n  sy s te m s  d r iv e n  b y  the  desire  o f the  u sers o f  
these  sy ste m s to  be  ab le  to  c o m m u n ic a te  w h ile  th e y  m ove. T h e  con ten t th a t  needs to  b e
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c o m m u n ic a te d  is  n o t  lim ite d  to  vo ice  o n ly  a n d  the  d e m a n d  for h ig h  d a ta  ra te  se rv ices  
is  g ro w in g  fast. T h is  rev ive s the  o r ig in a l q u e st io n  th a t  S h a n n o n  p o se d  fo r  the  s in g le  
l in k  a s  a  v a l id  u n a n sw e re d  q u e st io n  for th e  c o m m u n ic a t io n  sy s te m s  o f  the  new  era. I n  
order to  q u a n t ify  the  p e rfo rm a n ce  o f  the  cu rren t a n d  fu tu re  e n g in e e r in g  so lu tio n s, the  
de sign e rs need to  k n o w  the  m a x im u m  p o ss ib le  c a p a c ity  th a t  a  p a r t ic u la r  m u lt i-u se r  
sy s te m  c an  p ro v id e  a n d  h o w  fa r  f ro m  the  m a x im u m  la y s  the  efficiency o f  the ir de sign .  
T h e  b ra n c h  o f  in fo rm a t io n  theory, w h ic h  a im s  to  p ro v id e  an sw e rs in  th is  d irection , is 
ca lle d  N e tw o rk  In fo rm a t io n  T h eo ry .
D e s p ite  the  in te n sive  w o rk  in  In fo rm a t io n  T h e o ry , the  first im p o r ta n t  a t te m p t  to  s tu d y  
the  c a p a c ity  o f a  ce llu la r  sy s te m  w a s  carr ie d  o u t in  the  la s t  decade  b y  W yn e r[2 ]. T h is  
m o d e l stu d ie s  the  u p lin k  ch an n e l a n d  a lth o u g h  it  con siders a  v e ry  c ru d e  a p p ro x im a t io n  
to  p a th  lo ss  w ith  n e g lig ib le  p a t h  lo ss  v a r ia b i l i ty  a cro ss the  cell, it  m a n a g e s  to  p ro v id e  a n  
in s ig h t  in to  the  c o o p e ra t io n  o f  the  b a se  s ta t io n s  a n d  the  ben efits th a t  c a n  be  ach ieved  
th r o u g h  th a t  p ro ce ss (th ro u g h o u t  th is  re p o rt  the  ge o g ra p h ic a l a re a  covered  b y  a  s in g le  
B S  is referred to  a s  cell. A  p o r t io n  o f a  cell, o b ta in e d  b y  u s in g  a  d ire c tio n a l an ten na , 
is  referred to  a s  sector). T h e  a n a ly t ic a l re su lts  fo r capac ity , a s  d e rive d  b y  W y n e r ,  sh o w  
th a t  h igh e r  c a p a c ity  c an  be  ach ieve d  w h e n  b a se  sta t io n s  coop era te  w herea s w ith  in ­
c re a s in g  interference s t re n g th  be tw een  ad jace n t cells, the  c a p a c ity  decreases first b u t  
th e n  increase s a g a in  w h e n  the  in terference be com e s v e ry  s t ro n g  (e x p la in e d  a s  m a c ro d i­
v e rs ity  g a in  for ce llu la r  sy ste m s). L a te r  p a p e rs  a tte m p te d  to  s im u la te  a  m o re  re a lis t ic  
e n v iro n m e n t b y  c o n s id e r in g  f a d in g [3] to ge th e r  w ith  m u lt ip le  c lu ste rs o f  n e ig h b o u r in g  
cells [4] in s te a d  o f  h a v in g  a  s in g le  c lu ste r  o f  c o o p e ra tio n  for the  entire  n e tw o rk  (g lo b a l 
co o p e ra tio n ).
T h e se  f in d in g s  ch a llen ge  the  u su a l n o t io n  th a t  interference is a lw a y s  h a rm fu l, hence  
th e y  m a k e  a  c lear d is t in c t io n  be tw een  n o ise  (co m p le te ly  u n p re d ic ta b le  ou tcom e ) a n d  
in terference (a  s ig n a l th a t  is  u n w a n te d  for a  receiver b u t  is  a  de sired  s ig n a l for an o th e r  
receiver a n d  hence c o n ta in s  so m e  v a lid  in fo rm a t io n ).  I n  th is  con tex t, th e y  e m p h asise  
th a t  in s te a d  o f  a v o id in g  interference, p ro p e r  h a n d l in g  o f  in te rfe r in g  s ig n a ls  c a n  s ig ­
n if ic a n t ly  increase  c a p a c ity  th ro u g h  g lo b a l coop era tion . T h is  a p p ro a c h  m a y  le a d  to  
c o n s id e ra b ly  m o re  c a p a c ity  a n d  so m e  in it ia l re su lts  sh o w  th a t  even three  t im e s m o re  
c a p a c ity  c an  b e  offered i f  c o m p a re d  to  e x is t in g  sy stem s. T h is  is  a  v e ry  e n c o u ra g in g
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re su lt  a n d  it  sh o w s th a t  there  is  s t i l l  p le n ty  o f c a p a c ity  a va ila b le  to  the  sy stem , w h ic h  
s im p ly  re m a in s  to  be  ex p lo ite d  b y  m o re  a d v a n c e d  n e tw o rk  de sign s.
W y n e r - ty p e  m o d e ls  for re p re se n t in g  ce llu la r  sy ste m s have  been  the  fo c u s  o f  m a n y  in ­
fo rm a t io n  the o re tic  a n a ly se s  o f  recen t years. A  key  u n d e r ly in g  a s su m p t io n  o f  these  
m o d e ls  is  t h a t  each  o f  the  u se rs in  each  ce ll effective ly  “sees” its  lo c a l ce ll-s ite  a n d  o n ly  
a  fin ite  n u m b e r  o f  ad jace n t ce ll- s ite s ( in  fa c t  o n ly  tw o  in  the  o r ig in a l m o d e l su gg e ste d  
b y  W y n e r ) .
A n o th e r  k e y  u n d e r ly in g  a s su m p t io n  is  th a t  a ll u sers are co llo ca te d  a t  the  cell-centres, 
and , therefore, ou t-o f-ce ll interference is  c h aracte r ise d  b y  a  s in g le  p a ra m e te r  ly in g  in  
[0, 1] for each  tie r o f  in te rfe r in g  cells. A d d it io n a lly ,  no  g e o m e tr ica l co n s id e ra tio n s  
in v o lv in g  th e  a c tu a l d e p lo y m e n t o f  the  u se rs w ith in  the  ce lls are  ta k e n  in to  account.  
T h is  s ig n if ic a n t ly  s im p lif ie s  the  s y s te m  m o d e l a s  w e ll as its  a n a ly s is .
T h e  o r ig in a l a n a ly s is  b y  W y n e r  con sid e re d  o p t im u m  jo in t  m u lt i-c e ll p ro c e ss in g  a n d  n o n ­
fa d in g  channe ls. F la t - f a d in g  w as in t ro d u c e d  in to  th is  se tt in g  b y  S o m e k h  a n d  S h a m a i,  
w ho, s im ila r ly  to  W y n e r ,  co n sid e re d  o n ly  one  tie r o f in te rfe rin g  cells.
A n  e x te n s io n  o f  the  a n a ly s is  to  m u lt ip le -t ie r  interference w h ile  in c o rp o ra t in g  a  d istan ce -  
de p e n d en t p a th - lo s s  fa c to r  c a n  b e  fo u n d  in  a  recent the sis  b y  L e tz e p is  [5]. H e re  the  
fo cu s  is o n  the  effect o f  the  ce ll d e n s ity  in  a  lin e a r  ce llu la r  array.
B o t h  c o n tr ib u t io n s  offered b y  S o m e k -S h a m a i a n d  Le tzep is, a s  w e ll a s  m a n y  o th e r in ­
fo rm a t io n  the ore tic  a n a ly se s, re ta in  the  u ser c o llo ca tio n  a ssu m p tio n .
S in ce  the se  w e ll-k n o w n  m o d e ls  rep resent the  effects o f  s ig n a l p ro p a g a t io n  in  the  ce llu ­
la r  sy s te m  w ith  sp a t ia l  d iversity, th e y  c a n n o t  m o d e l the  effect o f  ch an ge s  in  p h y s ic a l  
p a ra m e te rs  in  the  e n v iron m e n t, su c h  a s p a th  lo ss  exponent a n d  the  d is ta n c e  betw een  
the  ad jace n t cell sites. D iffe re n t te ch n iq u e s o f h a rn e s s in g  the  sp ace  d iv e r s ity  loca lly , i.e. 
in  M I M O  a n d  Se c to r isa t io n , h ave  n o t  b e en  a d d re sse d  u n d er th is  se tup . F u rth e rm o re ,  
in  the  k n o w n  fo rm u la t io n s  w here  u se rs w ere a ssu m e d  co llo ca te d , th e  u su a l e m p h a s is  
h a s  been  on  per ce ll s u m  ra te  c a p a c ity  w ith o u t  a  c o n s id e ra tio n  for the  d is t r ib u t io n  o f  
ra te  sh a re  a m o n g  v a r io u s  users. W h e n  d is t r ib u te d  u sers are considered, the  rate  share  
o f  each  u se r or th e  d is t r ib u t io n  o f ra te  a s  a  fu n c t io n  o f u ser p o s it io n  a lso  be com e s a n  
im p o r ta n t  question .
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T h e  a va ila b le  in fo rm a t io n  the o re tic  f in d in g s  a re  n o t  d ire c tly  a p p lic a b le  w h e n  a im in g  to  
p ro v id e  re a lis t ic  e s t im a te s  for th e  c a p a c ity  o f  p ra c t ic a l sy ste m s. A  u su a l a p p ro a c h  to  
in fo rm a t io n  the o re tic  s tu d ie s  c o n s is ts  o f  p ro v id in g  the  sc a lin g  la w s  ra th e r  th a n  d irect  
n u m b e rs  for capacity . T o  keep the  a n a ly s is  m o re  trac tab le , sca le d  a n d  s im p lif ie d  m o d e ls  
for p ro p a g a t io n  a n d  ch an n e l are  used. H e n ce  there is  a  need to  u se  t ra c ta b le  ye t  
p ra c t ic a l p ro p a g a t io n  m o d e ls  to  p ro v id e  m o re  re a list ic  n u m b e rs  for th e  c a p a c ity  o f  the  
w ire le ss ce llu la r  sy ste m s.
1.1 Objective and m otivation
T h e  g o a l o f  th is  w o rk  is to  e x te n d  the  k n o w n  fo rm u la t io n s  for the  c a p a c ity  o f  the  
G a u s s ia n  C e llu la r  M u lt ip le  A c c e s s  C h a n n e l ( G C M A C )  w ith  jo in t  p ro c e ss in g  b y  in co r­
p o r a t in g  p a th  lo ss  a n d  o th er c h a n n e l c o n d it io n s  th a t  represent a  rea l c o m m u n ic a t io n  
sy stem . T h u s ,  it  a t te m p ts  to  p ro v id e  a  m o re  re a lis t ic  a n a ly t ic a l u p p e r  b o u n d  fo r  the  
c a p a c ity  o f  the  w ire le ss ce llu la r  n etw ork . M o r e  spec ifica lly , the  ob je c tive  is  to  deter­
m in e  the  u p l in k  c a p a c ity  l im it  a s s u m in g  m u lt ip le  an ten nas, d is t r ib u te d  users, s m a ll  a n d  
la rge  sca le  fa d in g  ve rsu s  v a r io u s  sy s te m  p aram e te rs, su ch  a s n u m b e r  o f  an ten nas, In te r-  
S ite  d istan ce , p a th  lo ss  expone nt, sh a d o w  fa d in g  s ta n d a rd  d e v ia t io n , sh a d o w  fa d in g  
corre la tion , t ra n sm it  pow er.
T h e  im p o r ta n c e  o f  th is  ob je c tive  c a n  be  a p p re c ia te d  b y  c o n s id e r in g  th a t  fu tu re  gener­
a t io n  w ire le ss sy ste m s w il l in c o rp o ra te  so m e  level o f  coop era tion . T h e  u p lin k  c a p a c ity  
l im it  fo rm u la e  c a n  p ro v id e  a  b e n c h m a rk  for th e  o p t im u m  p e rfo rm a n ce  o f su ch  sy s ­
te m s a s w e ll a s a  c o m p a r iso n  w ith  the  p e rfo rm a n ce  o f n o w a d a y s  c o n ve n t io n a l sy stem s.  
T h u s ,  n e tw o rk  d e sign e rs c a n  m a k e  in fo rm e d  de c is ion s on  the  n e tw o rk  in fra stru c tu re  
a n d  te c h n o lo g ic a l leve l b a se d  o n  the  tra d e o ff  be tw een  p e rfo rm a n ce  a n d  cost.
M o re o v e r, the  p ro v is io n  o f  c a p a c ity  lim it s  set the  ta rge t  for fu tu re  re search  in  areas  
su c h  a s code  de sign , ch an n e l e s t im a t io n  a n d  feedback  techn iques. T h e  la rge r  the  g a p  
be tw een  n o w a d a y s  a n d  jo in t  p ro c e ss in g  sy s te m  p erfo rm ance, th e  h ig h e r  the  m o t iv a t io n  
to  de ve lop  n ew  tech n iq ue s th a t  c an  ach ieve  t h a t  targe t.
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1.2 Fundamental assumptions
T h e  fo llo w in g  a s su m p t io n s  a p p ly  w h ile  s t u d y in g  the  ce llu la r  m u lt ip le  access ch an n e l in  
th is  thesis:
G a u s s ia n  d is t r ib u t io n  is  a s su m e d  for the  in p u t  sy m b o ls  a n d  the  t ra n sm it te d  co d e b lo ck s  
are a s su m e d  to  b e  in f in ite ly  lo n g . T h e  fa st  f a d in g  coefficients, w h e n  v ie w e d  as r a n d o m  
c o m p le x  p rocesses, a re  i.i.d. G a u s s ia n ,  s t r ic t ly  s t a t io n a ry  (the ir  p ro b a b i li ty  d is t r ib u t io n  
does n o t  ch an ge  over t im e ) a n d  e rgo d ic  (a ll s ta te s  are e q u ip ro b ab le  over a  lo n g  p e r io d  
o f  t im e ). T h is  e sse n t ia lly  m e a n s  t h a t  the  ch an n e l s ta te  c a n  be  rep resented  b y  a  s in g le  
n a r ro w b a n d  fa d in g  coefficient a n d  th a t  the  fa d in g  d y n a m ic s  o f  the  ch an n e l are  fast  
w h e n  c o m p are d  to  the  le n g th  o f  the  t ra n sm it te d  codeb locks.
T h e  B S s  are  a ssu m e d  to  b e  in te rco n n e cte d  th ro u g h  h igh -sp e e d  d e lay -le ss a n d  error-free  
l in k s  to  a  cen tra l hype r-rece ive r w ith  in fin ite  p ro c e ss in g  cap ab ilit ie s . T h e  p ra c t ic a l is ­
sues re la ted  to  th e  c o m p le x ity  o f  the  hype r-rece ive r a n d  the  d a ta  ra te  o f  the  b a c k h a u l  
are d iscu sse d  in  C h a p te r  6. P e rfe ct C h a n n e l S ta te  In fo rm a t io n  is a ssu m e d  to  b e  a va il­
ab le  a t  the  receiver e n d  (perfect C S IR ) .  T h e re  are a lso  n o  Q u a lity -o f -S e rv ic e  c o n stra in ts  
a ssu m e d  w h e n  c a lc u la t in g  the  c a p a c ity  o f  the  channel.
A l l  the  a fo re m e n tion e d  a s su m p t io n s  re la x  the  c o n stra in ts  o n  the  ch an n e l a n d  th u s  
en ab le  the  d e r iv a tio n  o f a n  a n a ly t ic a l  u p p e r  b o u n d  for the  c a p a c ity  o f  the  w ire le ss  
ce llu la r  netw ork.
1.3 Major contributions
T h e  m a in  c o n tr ib u t io n s  o f  th is  th e s is  c a n  be su m m a r iz e d  a s  fo llow s:
T h e  ava ila b le  G C M A C  m o d e l w ith  jo in t  p ro c e ss in g  a n d  sm a ll sca le  fa d in g  is e x te nd ed  in  
tw o  d irection s. F ir s t ,  m u lt ip le  a n te n n a s  are  a d d e d  in  B a se  S ta t io n s  a n d  U se r  T e rm in a ls  
a n d  a  c lo se d  fo rm  fo rm u la  for th e  ach ievab le  c a p a c ity  is  derived. Secon d, the  co -lo ca te d  
U T  a s su m p t io n  is  re m ove d  b y  c o n s id e r in g  se vera l tie rs o f  u se rs a ro u n d  each  B S .
A s  the  a va ila b le  G C M A C  m o d e l is n o t  su ffic ien t to  a n a ly se  m o re  c o m p le x  sy ste m s, a  
n ew  m o d e l is  b u ilt  w h ic h  en ab le s th e  e v a lu a t io n  o f  the  ach ievab le  u p l in k  c a p a c ity  w ith
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U T s  d is t r ib u te d  o n  the  coverage  area. T h i s  m o d e l a llow e d  th e  in t ro d u c t io n  o f  m o re  
re a lis t ic  ch an n e l co n d it io n s, su c h  a s  d istan c e  de pe n d en t p a th  lo ss  a n d  sh a d o w  fad in g .  
T h e  effect o f  m u lt ip le  a n te n n a s  a n d  o f  th e  co rre la tio n  o f  the  sh a d o w in g  c o m p o n e n t is  
a lso  stu d ied .
B a s e d  o n  the  a fo re m e ntione d  m ode l, a  n e w  ge om e tr ic  a n d  m a th e m a t ic a l m o d e l is b u ilt  
a n d  the  fa irn e ss a n d  u ser ra te  d is t r ib u t io n  in  jo in t  p ro ce ss in g  sy s te m s  w ith  sm a ll a n d  
la rge  sca le  fa d in g  are  exam in ed.
1.4 Thesis outline
T h is  the sis  is o rga n ise d  a s fo llow s:
C h a p t e r  2  co n ta in s  so m e  b a c k g ro u n d  th e o ry  a n d  the  m a jo r  c o n tr ib u t io n s  in  the  a re a  
o f  in fo rm a tio n -th e o re t ic  c a p a c ity  o f  c e llu la r  sy stem s. T h e  l im ita t io n s  o f  the  k n o w n  
lite ra tu re  a s w e ll a s  the  im p ro v e m e n ts  im p le m e n te d  in  th is  th e s is  are  a lso  presented.
In  C h a p t e r  3  fo llo w in g  the  m o d e ls  t h a t  a re  pre sented  in  the  lite ratu re , the  a n a ly t ic a l  
fo rm u la t io n  o f  the  c a p a c ity  is  p ro v id e d  fo r  th e  m u lt ip le  a n te n n a s  a t  the  t ra n sm it te r  
a n d  receiver end. I t  is  ob se rved  th a t  the  c a p a c ity  increase s lin e a r ly  w ith  th e  n u m b e r  o f  
a n te n n a s  (w ith  the  a s su m p t io n  t h a t  the  a n te n n a s  are  su ffic ien tly  se p a ra te d  in  sp ace  su ch  
th a t  th e  fa d in g  coeffic ients for the  lin k s  be tw een  t ra n sm it  a n te n n a s  a n d  receive a n te n n a s  
are u n co rre la te d ). A n o th e r  e x te n s io n  to  the  e x is t in g  m o de l, w h ic h  is  p e rfo rm e d  in  
C h a p te r  3, is th a t  the  the  p a th  lo ss  is  m o d e le d  a s a  d iscrete  d istan ce -d e p e n d e n t fun ction .  
M o re  spec ifica lly , in s te a d  o f  a  p a t h  lo ss  th a t  va r ie s c o n t in u o u s ly  w ith  the  d istan ce ,  
a n  a p p ro x im a t io n  o f  the  p a th  lo ss  th a t  s ta y s  c o n sta n t  for a  ra n g e  a n d  th e n  ch an ge s  
a b r u p t ly  (a s  a  ste p ) for the  n ext ra n ge  o f  d istan ce , is  used. T h e  in fo rm a t io n -th e o re t ic  
a n a ly t ic a l c a p a c ity  is  c a lcu la te d  u n d e r v a r io u s  fa d in g  co n d itio n s. A l l  re su lts  a re  verified  
u s in g  M o n t e  C a r lo  s im u la tio n s.
I n  C h a p t e r  4  a  m o d e l is  fo rm u la te d  to  in v e st ig a te  the  effect o f  sh a d o w  fa d in g  on  the  
c a p a c ity  o f  the  c e llu la r  sy stem . T h e  sh a d o w  fa d in g  re su lts  in  a n  a d d it io n a l p ro p a g a t io n  
lo ss  (e ffective ly  th is  c an  b e  m o d e lle d  a s  a n  in c rea se d  va lu e  o f p a th  lo ss  e x po ne nt).  
T h e  p ro p o se d  a n a ly s is  c an  b e  a p p lic a b le  to  a n y  g iv e n  fie ld  d a ta  for the  sh a d o w  fa d in g
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e n v ironm en t. H ow ever, in  o rde r to  c o m p a re  t lie  c a p a c ity  o f  a  s y s te m  w ith  n o  sh a d o w in g  
a n d  sh a d o w in g  w ith  c e rta in  s t a n d a r d  d e v ia t io n , the  difference in  the  m e a n  va lu e  o f  the  
p a t h  lo ss  in  tw o  cases sh o u ld  b e  m e t ic u lo u s ly  noted. I n  th is  d irection , so m e  n ecessa ry  
a d ju stm e n ts  to  the  sh a d o w in g  m o d e l are  su gge sted . T h e  effect o f  m u lt ip le  a n te n n a s  a n d  
o f  the  co rre la tio n  in  sh a d o w in g  e n v iro n m e n t is  a lso  stu d ied . In te re st in g ly , it  h a s  been  
sh o w n  th a t  w ith  la rge  n u m b e r  o f u se rs in  each  cell a n d  in d e p e n d e n t m u lt ip a th  fa d in g  
for each  user, the  co rre la tio n s  in  the  sh a d o w  fa d in g  coefficients b e com e  irre levant. S o m e  
p h y s ic a l m o d e ls  to  s im u la te  su c h  co rre la t io n s  are identified , a lth o u g h  the se  m o d e ls  p ose  
so m e  p ro b le m s in  ge n e ra t in g  su ita b le  co rre la t io n  m a tr ice s  for the  la rge  ce llu la r  sy stem s. 
A s  a  resu lt, the se  m o d e ls  are  p ro p e r ly  m o d ifie d  a n d  a  M o n te  C a r lo  s im u la to r  is b u ilt  
in  o rder to  p ro p e r ly  v e r ify  a ll th e o re t ica l a n a ly s is .
Chapter 5 p ro v id e s  a  ge o m e tr ic  a n d  m a th e m a t ic a l m o d e l th a t  c an  be  u se d  to  eva lu a te  
the  u ser ra te  d is t r ib u t io n  for a  c e llu la r  sy s te m  u n d e r the  n o t io n  o f  a  hype r-rece ive r in ­
c o rp o ra t in g  re a lis t ic  sy s te m  p ara m e te rs. D iffe re n t, lo ca tio n -b a se d , d e c o d in g  o rde rs are  
e x a m in e d  a n d  the  effect o f  in c re a s in g  In te r-s ite  d istan ce  ( I S D )  is  s tu d ie d . Im p o r ta n t ly ,  
the  fo rw ard  d e c o d in g  order p ro v id e s  the  b e st  re su lts  in  a ll cases exam in ed.
Chapter 6 su m m a r iz e s  the  re su lts  a n d  o u tlin e s  the  m a in  o u tco m e s o f  the  thesis. A d d i ­
t io n a lly , b a se d  on  the  effect o f  th e  fu n d a m e n ta l a s su m p t io n s  o n  the  re su lts, so m e  fu tu re  
research  d ire c tio n s  are p ro po sed .
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1 .5  L is t  o f  P u b l i c a t io n s
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T h e o r y
T h is  ch ap te r la y s  the b a s is  fo r the  a n a ly s is  o f  G C M A C  b y  re v ie w in g  the  m a in  the o rem s  
a n d  re su lts  o f  m u lt i-u se r  in fo rm a t io n  theory. T h e  m a jo r  m o d e ls  a n d  th e  m a th e m a t ic a l  
fo rm u la e  th a t  are u se d  in  the  lite ra tu re  to  f in d  the  c a p a c ity  o f  G C M A C  are  a n a ly se d  
a n d  the ir  m a in  l im ita t io n s  identified . T h e  m a th e m a t ic a l b a s is  fo r the  w o rk  in  th is  th e s is  
is  a lso  p re sen ted  a n d  the  m a in  d ifficu ltie s in  d e te rm in in g  the  su m -ra te  o f G C M A C  are  
identified . F in a lly ,  the  p a t h  lo ss  m o d e l th a t  is  u sed  for the  m a th e m a t ic a l a n a ly s is  a lo n g  
w ith  the  sy s te m  p a ra m e te rs  u se d  to  de rive  the  re su lts  are presented.
2.1 Background
C la u d e  S h a n n o n  w as th e  first th a t  de ve lo p e d  a  m a th e m a t ic a l th e o ry  for the  ch an n e l 
c a p a c ity  [1, 6] p ro v id in g  the  fra m e w o rk  for s tu d y in g  p e rfo rm an ce  l im it s  in  c o m m u n ic a ­
tion . T h e  c a p a c ity  w as de fin ed  b y  S h a n n o n  in  [1] a s  the  m a x im u m  ra te  a t  w h ic h  d a ta  
c o m m u n ic a t io n  is  p o ss ib le  w ith  a rb it r a r i ly  sm a ll  error p ro b a b ility .
S h a n n o n ’s w o rk  gave  b ir t h  to  the  fie ld  o f  in fo rm a t io n  theory. I n  in fo rm a t io n  the oretic  
te rm s, S h a n n o n  de fined  c a p a c ity  a s  the  m a x im u m  m u tu a l in fo rm a t io n  betw een  the  in ­
p u t  a n d  the  o u tp u t  o f  a  channe l. H is  c o d in g  the o re m  p ro ve d  th a t  a  code  d id  ex ist w h ic h
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c o u ld  ach ieve  a  d a ta  ra te  c lose to  c a p a c ity  w ith  n e g lig ib le  p ro b a b ility  o f  error a n d  th a t  
a n y  d a ta  ra te  a b o v e  th is  c a p a c ity  c o u ld  n o t  be  ach ieved  w ith  a n  a rb it r a r i ly  sm a ll error  
p ro b a b ility . T o d a y , w ith  so p h is t ic a te d  m o d u la t io n  a n d  a d v an c e d  c o d in g  techno logy, 
d a ta  ra te s c lose  to  S h a n n o n  c a p a c ity  c a n  be ach ieved, w ith  v e ry  lo w  p ro b a b ility  o f  
error.
T h e re  are three  ch an n e l c a p a c ity  d e fin it io n s  th a t  are  re levant to  sy s te m  d e s ign s  [7]:
1. S h a n n o n  (o r e rg o d ic ) cap ac ity , w h ic h  defines the  m a x im u m  d a ta  ra te  th a t  c a n  
be  sent over the  ch an n e l w ith  a s y m p to t ic a lly  sm a ll error p ro b a b ility  (the  ra te  
t ra n sm it te d  over the  ch an n e l is  co n sta n t).  T h is  c a p a c ity  is  de fined  for a. fa d in g  
ch an n e l w ith  lo n g  te rm  d e la y  c o n stra in ts. H e re  the  fa d in g  p ro ce ss is  a s su m e d  to  
be e rgo d ic  w ith  re spect to  t im e  m e a n in g  th a t  a ll  its  s ta t is t ic s  c a n  b e  d e te rm in e d  
fro m  a  s in g le  t im e  h is to ry  o f  t h a t  p roce ss. T h u s  the  e x p e c ta tio n  o f  the  m u tu a l  
in fo rm a t io n  c an  be  ach ieve d  b y  a  lo n g  e n o u gh  code  w h e n  c o m p a re d  to  the  fa d in g  
sp ee d  o f  the  c h an n e l [8]. T h a t  w ay, a  co d e w o rd  covers a ll  ch an n e l sta te s  a c c o rd in g  
to  th e  c h a n n e l’s p ro b a b ility  d is t r ib u t io n  a n d  th e  ave rage  m u tu a l in fo rm a t io n  is  
ach ieved. T h is  ave rage  m u tu a l in fo rm a t io n  is de fined  a s e rg o d ic  c a p a c ity  a n d  it  
fo llow s the  u su a l S h a n n o n  the o re tic  sense  a n d  th u s  a n y  ra te  a b o v e  th a t  c a p a c ity  
ca n n o t  b e  ach ieve d  ’’w ith  a rb it r a r i ly  sm a ll  error p ro b a b ility ” [1]. I t  is  n o te d  in  [6] 
th a t  th is  d e fin it io n  o f  the  c a p a c ity  is  u se d  w h e n  it  is  con sid e re d  th a t  ch an n e l sta te  
in fo rm a t io n  is  a va ila b le  to  th e  receiver. I t  is a lso  n o te d  th a t  e rgo d ic  c a p a c ity  is  
the  fo cu s  o f  th is  thesis.
2. C a p a c ity  w ith  ou tage , w h ic h  is  the  m a x im u m  ra te  th a t  c an  b e  t ra n sm itte d  over a  
ch an n e l w ith  so m e  o u ta ge  p ro b a b ility , i.e. the  p ro b a b ility  t h a t  the  t ra n sm is s io n  
ca n n o t  b e  de co d e d  w ith  n e g lig ib le  error p ro b a b ility  (a llo w s the  sy s te m  to  lose  
so m e  d a ta ).
3. M in im u m  ra te  c a p a c ity  [9], co m b in e s  the  above  tw o  d e fin it io n s  o f  capac ity . I t  is  
de fin ed  a s the  c a p a c ity  ach ieve d  b y  gu a ra n te e in g  the  d e liv e ry  o f  so m e  m in im u m  
rate  a t  a ll t im e s  (w ith  zero o u ta ge ) w h ile  the  ave rage  rate, in  excess o f  the  m in ­
im u m  rate, is  m a x im iz e d  (like  the  e rg o d ic  cap ac ity ). M in im u m  ra te  c a p a c ity  is
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u se fu l fo r sy ste m s su p p o r t in g  a  m ix  o f  d e la y -co n stra in e d  a n d  d e la y -u n c o n stra in e d  
d a ta . T h e  m in im u m  ra te s d ic ta te  the  d a ta  ra te s a va ila b le  for the  c o n stra in e d  d a ta  
th a t  m u s t  be  m a in ta in e d  in  a ll  fa d in g  states, w h ile  the  ra te s a b o v e  these  m in i-  
m u m s  are  w h a t  is  a va ila b le  for th e  u n c o n stra in e d  d a ta , w here  the se  a d d it io n a l  
ra te s  v a ry  d e p e n d in g  on  the  cu rre n t  fa d in g  state.
T h e  ob jec tive  o f th is  ch ap te r is  to  su rv e y  the  curren t lite ra tu re  o n  the  fu n d a m e n ta l  
c a p a c ity  lim it s  in  c e llu la r  ne tw orks. T h e  e m p h a s is  is  on  the  e rg o d ic  c a p a c ity  re su lts  for 
the  v a r io u s  w ire le ss c o m m u n ic a t io n  sy s te m s  u n d e r  different a s su m p tio n s .  T h e  k n o w n  
b o u n d s  o n  c a p a c ity  a n d  the  effect o f  v a r io u s  a s su m p t io n s  on  the  c a p a c ity  lim it s  are  
reported . T h e se  k n o w n  re su lts  p ro v id e  a  s t a r t in g  p o in t  to  se arch  for a  the o re tica l 
fu n d a m e n ta l l im it  o f  m u lt i-u se r  w ire le ss c o m m u n ic a t io n  sy stem s.
2.1.1 Information Theory
In fo rm a t io n  th e o ry  is  u se d  to  d e te rm in e  the  u lt im a te  t ra n sm is s io n  ra te  o f c o m m u n ic a ­
t io n  over a  g iv e n  sy stem . T o  f in d  th is  u lt im a te  t ra n sm is s io n  ra te  (a lso  ca lle d  c a p a c ity  
o f  th e  sy ste m ) the  c on ce p ts o f en tropy, m u tu a l in fo rm a t io n  a n d  c h a n n e l c a p a c ity  are  
u se d  [10].
• S h a n n o n  E n tro p y :
T h e  e n tro p y  o f  a  d iscre te  r a n d o m  v a r ia b le  X ,  is a  m e asu re  o f  th e  ave rage  u n ­
c e rta in ty  in  X .  I t  is  th e  ave rage  n u m b e r  o f  b it s  ( if  lo g a r ith m s  to  the  b a se  2 are  
u sed ) or n a t s  ( if  the  ba se  o f  the  lo g a r ith m  is  e) w h ic h  are req u ire d  to  de scrib e  
X  (w ith  a n  a lp h a b e t  set X  , a n d  p ro b a b ility  m a ss  fu n c t io n  p x { x )  — P r ( X  =  x ) 
w here  x  €  X  ):
S kWIo£s )  ( 2 - 1 }
• M u t u a l  in fo rm atio n :
M u t u a l  in fo rm a t io n  is  a  m e asu re  o f  th e  dependence  betw een  tw o  ra n d o m  v a r i­
ab le s X  a n d  Y .  I t  m e asu re s  the  a m o u n t  o f  in fo rm a t io n  th a t  the  one r a n d o m
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v a r ia b le  c o n ta in s  a b o u t  the  o the r a n d  deno te s the  re d u c tio n  in  th e  u n c e rta in ty  o f  
X  b e cau se  o f  the  k n o w le d ge  o f  Y  [10]:
iwy) = H [ x ) ~ H{xlY) (2-2)
• S h a n n o n  C a p a c ity :
I f  w e con side r a  m e m o ry le ss  m o b ile  c o m m u n ic a t io n  ch an n e l w here  the  o u tp u t  
d e p e n d s o n ly  o n  its  cu rren t in p u t, th e n  for in p u t  X  a n d  o u tp u t  Y ,  the  c a p a c ity  
C  o f  the  d iscre te  ch an n e l is  de fined  a s  th e  m a x im u m  m u tu a l in fo rm a t io n  betw een  
the  in p u t  a n d  the  o u tp u t:
C  =  m a x  T  (X , Y ) , (2.3)
p x (x )
w here  the  m a x im u m  is  ta k e n  over a ll in p u t  d is t r ib u t io n s  px{% )-
I n  the  e a r ly  1940’s, it  w a s  th o u g h t  th a t  a n  increase  in  the  t ra n sm is s io n  ra te  over a  com ­
m u n ic a t io n  ch an n e l increase s th e  p ro b a b i li ty  o f error. S h a n n o n  c h a n g e d  th is  con cept b y  
p ro v in g  th a t  as lo n g  a s  th e  c o m m u n ic a t io n  ra te  w as b e low  the  c h a n n e l’s  capac ity , error  
free c o m m u n ic a t io n  w a s  po ssib le . U s in g  th e  con ce p t o f  m u tu a l in fo rm a t io n  betw een  
the  ch an n e l in p u t  a n d  o u tp u t, S h a n n o n ’s c o d in g  the o re m  proves th a t  a  code  ex ists  th a t  
c a n  ach ieve  d a ta  ra te s a rb it r a r i ly  c lose  to  c a p a c ity  w ith  a rb it r a r i ly  sm a ll  p ro b a b ility  o f  
b it  error. N o te  th a t  a lth o u g h  the  ch an n e l c o d in g  the orem  p ro ve s th a t  c a p a c ity  c a n  be  
ach ieve d  b y  u s in g  codes, in  p ra c tic e  th e  ach ieved  d a ta  ra te s  a re  low er du e  to  p ra c t ic a l  
l im ita t io n s  o f  the  codes th a t  c an  be used.
In fo rm a t io n  th e o ry  t o d a y  is w id e ly  u se d  to  f in d  the  e rgod ic  c a p a c ity  ( in  In fo rm a t io n  
T h e o re t ic  sense) o f  v a r io u s  c o m m u n ic a t io n  channe ls. I n  the  fo llo w in g  se c t io n  w e p resent 
the  m o st  c o m m o n  in fo rm a t io n  the o re tic  lite ra tu re  re su lts  for th e  c a p a c ity  o f  a  s in g le  
cell M u lt ip le  In p u t  M u lt ip le  O u t p u t  m u lt ip le  access channel.
2.2 MIMO M ulti-user system
T h e  M I M O  m u lt ip le  access ch an n e l h a s  be en  a n a ly ze d  in  [11, 12, 13, 14, 15]. I f  one  
con sid e rs K  u sers w ith  titx t r a n s m it  a n te n n a s  a t  each  u ser a n d  n Rx receive a n te n n a s
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a t  the  b a se  s ta t io n  the  c h a n n e l’s o u tp u t  is  g iv e n  by:
y  =  H x  +  z, (2.4)
where: y  is  the  u r x x  1 o u tp u t  vecto r, x  is  the  KriTx x  1 in p u t  vec to r  in  w h ic h  each  
d im e n s io n  co rre sp o n d s to  a  c e r ta in  a n te n n a  o f  a  ce rta in  u ser a n d  z  is the  n r x  1 A W G N  
vector. H  is  the  ch an n e l m a t r ix  th a t  d e scrib e s the  ch an n e l sta te  be tw een  each p a ir  o f  
in p u t-o u tp u t  d im e nsion .
W i t h  perfect C h a n n e l S ta te  In fo rm a t io n  a t  th e  R e ce iv e r  ( C S I R )  a n d  perfect C h a n n e l 
S ta te  In fo rm a t io n  a t  the  T ra n sm it te r  ( C S I T )  the  sy s te m  c an  be  v ie w e d  as a  set o f  
p a ra lle l n o n  in te rfe r in g  M I M O  M A C s  (one  fo r  each  fa d in g  sta te ) sh a r in g  a  c o m m o n  
p ow e r con stra in t. T h u s ,  th e  e rgo d ic  c a p a c ity  re g io n  c a n  b e  o b ta in e d  a s  a n  ave rage  
o f  these  p a ra lle l M I M O  M A C  c a p a c ity  re g io n s  [16], w here the  a v e ra g in g  is  done  w ith  
respect to  the  ch an n e l sta t ist ic s.
A s y m p to t ic  re su lts  o n  the  s u m  c a p a c ity  o f  M I M O  M A C  ch an n e ls  w ith  the  n u m b e r  o f  
receive a n te n n a s  a n d  the  n u m b e rs  o f  t ra n sm itte r s  in c re a s in g  to  in f in it y  w ere o b ta in e d  b y  
T e la ta r  [12] a n d  b y  V is w a n a th  et al. [17]. F o r  the  cases o f  in d iv id u a l p ow er c o n stra in t  
or eq u a l pow er a llo ca tio n , th e  o p t im a l c a p a c ity  o f the  u p l in k  M I M O  ch an n e l can  be  
ach ieved  b y  a s su m in g  i.i.d. G a u s s ia n  in p u t  vec to rs x  [12]. U n d e r  these  a s su m p t io n s  
[18, 12],
1
l im  Copt (7 ) =  J im  yg1  (X 5Y I H  )N —¥oq N —>00 i v
=  A e  [log d e t ( i j v  +  H S / fn tH * ) ]
= jTooVE [logdet(lN + 7HHt)] 
i f > g ( l  + 7A,(HHt))
- i=l
PO O
=  /  l o g ( l + 7®)dFHHt(rE).
Jo
l im  E
IV—>00
(2.5)
w here  N  is  the  to ta l n u m b e r  o f  ce lls a n d  F j j H t ( * )  represents the  c u m u la t iv e  e igenva lue  
d is t r ib u t io n  for the  m a t r ix  H f f ,  w ith  H 1 d e n o t in g  the  c o m p le x  c o n ju ga te  t ra n sp o se  o f  
the  H  m a tr ix . I t  c a n  b e  seen, u n d e r  ce rta in  a ssu m p tio n s, the  o p t im a l c a p a c ity  o f  m u lt i­
u se r a n d  m u lt i-a n te n n a  w ire le ss ch an n e ls  is  ch aracte r ized  b y  the  e igen va lu e  d is t r ib u t io n  
o f  the  sq u are  m a tr ix  H H L
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I n  general, the  ch an n e l m a t r ix  H  o f  a  w ire le ss m u lt i-u se r  or m u lt i-a n te n n a  ch an n e l 
is  a  r a n d o m  re c ta n g u la r  m a tr ix .  T h is  ra n d o m n e ss  com es fro m  the  fac t th a t  w ire le ss  
ch an n e ls  are su sce p tib le  to  fa d in g  co n d itio n s. A s su m in g ,  th a t  the  w ire le ss ch an n e l 
op era te s in  a  R a y le ig h  fla t f a d in g  e n v iron m e n t, th e  ch an n e l m a t r ix  c a n  be represented  
b y  a  s ta n d a r d  G a u s s ia n  m a tr ix .
A  v e ry  in te re st in g  a n a ly s is  fo r  the  M I M O  m u lt ip le  access ch an n e l w ith  perfect C S I R  
w as done  b y  R h e e  a n d  C io ff i in  [19]. T h e y  sh o w e d  th a t  w h e n  C S I  is  n o t  a va ila b le  a t  the  
tra n sm itte rs , a n  increase  in  K  o r n Fx h e lp s  to  a lle v ia te  fad in g , a n d  th e  e rgo d ic  c a p a c ity  
converges to  a  l im it  du e  to  the  la w  o f  la rge  n u m b e rs  [1]. T h e n , it  is  p o ss ib le  to  f in d  a n  
eq u iva len t n o n -fa d in g  ch an n e l w ith  th e  e x a c t ly  sa m e  c a p a c ity  as th e  l im it  [6]. F o r  the  
R a y le ig h  ch an n e l m o de l, the  l im it in g  c a p a c ity  is  a  fu n c tio n  o f  the  n u m b e r  o f the  receive  
a n te n n a s  a n d  the  p ow er per t ra n sm it  an ten na . T h e y  no te  th a t  the  c a p a c ity  l im it  is  a  
fu n c t io n  o f these  p a ra m e te rs  o n ly  w h e n  K titx is large, a n d  a lso  th a t  K i%tx =  2n Rx is  
la rge  e n o u gh  to  ach ieve  a  d a ta  ra te  over 9 0 %  o f  the  lim it.  T h e re fo re  th e y  con c lu de  th a t  
one or tw o  t ra n sm it  a n te n n a s  c an  ach ieve  a  sp e c tra l efficiency c lose  to  th e  lim it  as lo n g  
a s  K  >  2n Rx o r K  >  n Rx respective ly.
M o r e  re su lts  fo r M I M O  fa d in g  ch an n e ls  h ave  been  p resented  in[20, 21, 22] w here  the  
a u th o rs  in v e st ig a te  th e  a sy m p to t ic  p e rfo rm a n ce  o f la rge  M I M O  sy s te m s  in  R a y le ig h -  
f a d in g  channe ls. M o re o v e r  v a r io u s  low er a n d  u p p e r  b o u n d s  for u n c o rre la te d  a n d  cor­
re la te d  R a y le ig h  fa d in g  ch an n e ls  are p re se n ted  in  [23, 24, 25]. M o r e  recent p a p e rs  
[26, 27, 28, 29, 30] have  a lso  a n a ly se d  the  scen ario s w ith  R ic ia n  fa d in g . T h e  a u th o rs  
in  [29] d e rive d  the  e rg o d ic  c a p a c ity  o f  u n co rre la te d  R ic ia n  fa d in g  ch an n e ls  in  m a t r ix  
d e te rm in a n t  form . Z h o n g  et. al. in  [31] in v e st ig a te  the e rgo d ic  c a p a c ity  l im it  o f  M I M O  
n a k a g a m i- fa d in g  ch an n e ls  for a rb it r a r y  fin ite  n u m b e r  o f an ten n as. T h e y  con sid e r a  
p o in t  b y  p o in t  M I M O  a n te n n a  sy s te m  w ith  one  t ra n sm itte r  a n d  one receiver.
I n  the  n ext se c t io n  w e m o ve  o n  fro m  the  s in g le  cell scen ario  a n d  w e p re sent the  con ce p t  
o f  B a se  S ta t io n  c o o p e ra t io n  a lo n g  w ith  th e  m o st  p ro m in e n t  lite ra tu re  re su lts  th a t  d e a l 
w ith  the  e rgo d ic  c a p a c ity  o f  m u lt i-u se r  ce llu la r  sy stem s.
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2.3 Capacity of M ulti-user Cellular Systems
A c c o r d in g  to  t lie  p a r a d ig m  o f B S  c o o p e ra t io n  (a.k.a. m u lt ice ll p ro ce ss in g  - M C P ) ,  the  
B S s  are  in te rcon n e cted  th r o u g h  h igh -sp e e d  de lay -le ss  error-free ch an n e ls  (e.g. o p tic  
f ib re s) to  a  ce n tra l h y p e r-p ro ce sso r, w h ic h  is c ap ab le  o f jo in t ly  p ro c e ss in g  the  s ig n a ls  
received b y  a ll the  U T s  o f  th e  c e llu la r  sy s te m  (F ig u re  2.3). A s  a  re su lt, B S  co o p e ra tio n  
h a s  the  a b i l i ty  o f  t ra n s fo rm in g  u n w a n te d  in te r-ce ll interference to  u se fu l in fo rm a t io n -  
b e a r in g  s ign a l.
W i t h  th is  in  m in d , it  is  w o rth  n o t ic in g  th a t  the  n o t io n  o f cell v an ish e s  in  the con tex t o f  
B S  co o p e ra tio n , s in ce  each U T  c a n  b e  a sso c ia te d  w ith  m u lt ip le  B S s  a t  the  sa m e  tim e. 
H ow ever, in  o rde r to  o p tim iz e  the  sy s te m  th ro u g h p u t,  the  interference a m o n g s t  U T s  h a s  
to  be  m in im iz e d  a s  well. T h is  in te r -te rm in a l interference is du e  to  th e  w ire le ss m e d iu m  
w h ic h  h a s  to  b e  sh a re d  a m o n g s t  the  U T s .  I n  t ra d it io n a l c e llu la r  sy ste m s, the  sa m e  
p ro b le m  arise s w ith in  each  cell ( in tra -c e ll interference) a n d  it  is  ta c k le d  b y  e m p lo y in g  
o r th o g o n a l access techn iques, su c h  a s  T D M A  a n d  F D M A .  H ow ever, th is  a p p ro a c h  
is  s u b o p t im a l fro m  a  m e d iu m  u t i l iz a t io n  p o in t-o f-v ie w , since  it  a v o id s  in te rfe r in g  b y  
a llo w in g  a  s in g le  c o m m u n ic a t io n  p e r  ch an n e l use. T h u s ,  the  o p t im a l techn iq ue  to  
m a x im iz e  the  sy s te m  th r o u g h p u t  is to  e m p lo y  m u lt ip le  access techn iques, w h ic h  a llo w  
m u lt ip le  s ig n a ls  to  b e  c o m m u n ic a te d  p e r  ch an n e l u se  (e.g. C D M A  a s defined in  [3]), 
a lo n g  w ith  p re c o d in g /d e c o d in g  tech n iq u e s w h ic h  m in im iz e  in te r -te rm in a l interference.
In  the  u p l in k  channe l, an  efficient d e c o d in g  techn iq ue  is  Su cce ss ive  In te rfe ren ce  C a n ­
ce lla t io n  ( S IC )  w ith  M M S E  receiver a s  d e sc r ib e d  in  [13]. A c c o r d in g  to  S IC ,  the  h y p e r  
p ro ce sso r  receives a n  a gg re g a te  s ig n a l a n d  the  d e c o d in g  p ro ce ss s ta r t s  b y  p ro ce ss in g  
the  U T  w hose  s ig n a l c an  be  d e co ded  w ith  h ig h e s t  certa inty. T h e  d e co d e d  s ig n a l c a n  
b e  su b tra c te d  fro m  the  a g g re g a te  rece ived  s ign a l,  c re a t in g  n o  m ore  in terference fo r  the  
fo llo w in g  U T s .  T h is  p ro ce ss is rep ea te d  se r ia lly  for a ll the  U T s  o f  the  sy stem , u n t i l  the  
la s t  de co ded  U T  receives n o  interference a t  all.
W y n e r  in  [2] p ro v id e d  one v e ry  u se fu l m o d e l to  a cco u n t  for the  effect o f in ter-ce ll 
interference in  the  ce llu la r  n etw ork . H e  co n s id e rs  b o th  a  o n e -d im e n s io n a l lin ea r cel­
lu la r  a rra y  a n d  a  tw o -d im e n s io n a l h e x a g o n a l ce llu la r  g r id  for the  case  w ith  n o  fa d in g  
( A W G N )  a n d  o b ta in s  the  S h a n n o n -th e o re t ic  l im it s  fo r a  ce llu la r  M A C  channel. T h e
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F ig u r e  2.1: L in e a r  ce llu la r  a rra y  m o d e l
ch an n e l is  a ssu m e d  to  b e  m e m o ry le ss  a n d  a ll  the  s ig n a ls  fro m  a ll ce lls are  a ssu m e d  to  
be  s im u lta n e o u s ly  d e co d e d  (o p t im u m  d e co d in g ). T h e  rece ived  s ig n a l a t  a  B a s e  S ta t io n  
c o n sists  o f  the  u se rs t r a n s m it t in g  o n  the  u p l in k  (ac tive  u se rs) o f  t h a t  ce ll p lu s  a  g a in  
a  G [0,1] t im e s  th e  s ig n a ls  o f  the  a c t iv e  u se rs fro m  ad jace n t cells.
T h e  fu n d a m e n ta l a s su m p t io n s  th a t  w ere a d o p te d  in  th is  w o rk  a n d  a lso  u sed  in  m a n y  
fo llo w in g  a p p ro ach e s were:
• T h e  t ra n sm itte d  s ig n a l f ro m  a  u se r k in  a  cell is  a ssu m e d  to  b e  in d e p e n d e n t a n d  
id e n t ic a lly  d is t r ib u te d  (i.i.d.) r a n d o m  va r ia b le  h a v in g  ave rage  p ow er c o n stra in t  
P .
•  T h e  t ra n sm is s io n s  are co rru p te d  b y  a  G a u s s ia n  n o ise  r a n d o m  v a r ia b le  w ith  zero  
m e a n  a n d  v a r ia n ce  a2 a n d  th is  r a n d o m  v a r ia b le  is in d e p e n d e n t o f  th e  t ra n sm it te d  
s ign a ls .
• T h e  ch an n e l is  m e m ory le ss. T h is  m e a n s  th a t  the  curren t o u tp u t  d e p e n d s o n ly  on  
the  cu rren t in p u ts  a n d  n o t  o n  a n y  o f  p re v io u s  sy m b o ls  a n d  the  ch an n e l c a n  be  
reused.
• T h e  b a se  s ta t io n s  are  c o o p e ra t in g  a n d  sh a r in g  d a ta  to  jo in t ly  decode  a ll  u se rs in  
the  c e llu la r  array. T h u s ,  a  hype r-rece ive r is  a ssu m e d , w h ic h  h a s  d e la y  free access 
to  a ll o f  the  received s ig n a ls  in  a ll cells.
• T h e  u sers in  eve ry  ce ll a re  c o -lo ca te d  a t  the  B a se  S t a t io n ’s  p o s it io n .
• A  B a se  S ta t io n  c a n  receive s ig n a ls  o n ly  fro m  the  sam e -ce ll a n d  n e igh b o r in g -ce ll 
users (one tie r interference).
• L a r g e  n u m b e r  o f  u sers is a ssu m e d  in  each  cell a n d  the  n u m b e r  o f  ce lls te n d s to  
in fin ity.
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2.3.1 Wyner’s Linear Model
W y n e r ’s lin e a r  m o d e l is  i l lu s t ra te d  in  F ig u r e  2.1. I f  the  ce lls are in d e x e d  b y  ra, th e n  a t  
a  g iv e n  t im e  th e  rece ived  s ig n a l a t  cell m  is g iv e n  by:
K  K
Ym — ^2 Xmfi + a Xw + Xm- \ %k) + (2.6)
k = 1  k - 1
where:
X.m , k is the  t ra n sm it te d  s ig n a l f ro m  t ra n sm itte r  k in  ce ll m  w h ic h  m u s t  s a t is fy  a n  
ave rage  p ow er c o n stra in t  E  <  P , a  is  the  sc a lin g  fac to r  re p re se n t in g  the  in te r­
cell interference a n d  Zm is  a  G a u s s ia n  n o ise  r a n d o m  v a r ia b le  w ith  zero m e an , var ia n ce  
a 2 a n d  in d e p e n d e n t o f  th e  in p u t.
T h is  ch an n e l c a n  b e  con sid e re d  a n  in s ta n c e  o f  the  c la ss ic a l m u lt ip le  access ch an n e l 
p re se n ted  in  [10]. I t  sh o u ld  be  n o te d  th a t  o n ly  the  interference fro m  the  ad jace n t  
n e ig h b o u r in g  cells is con sid e re d  s ign if ic a n t  in  th is  m odel.
T o  f in d  th e  u p p e r  b o u n d  for the  c a p a c ity  for h is  lin ea r m o d e l W y n e r  in  [2] sta r te d  
fro m  the  c a p a c ity  re g io n  d e fin it io n  [10], u s in g  p ro p e rtie s o f  the  m u tu a l in fo rm a t io n  
a n d  e n tro p y  q u an tit ie s, he p ro ve d  th a t  in  the  lin e a r  ce llu la r  a rra y  m o d e l the  p er-u se r  
c a p a c ity  a s  the  n u m b e r  o f  ce lls te n d s  to  in f in ity  is  b o u n d e d  by:
C ( a ) =  - X  jT 1 lo g  ( l  +  ~ - ( l  +  2a  cos (2tt<?))2)  d.9 (2.7)
I t  is  m e n tio n e d  in  [2] (a n d  a lso  su p p o r te d  in  [3]) th a t  the  c a p a c ity  a ch ie v in g  s t ra te g y  
in  th is  case is to  a llo w  one  u ser w ith in  each  ce ll to  t ra n sm it  each  fra c t io n  o f the  tim e. 
F o r  e x am p le  if  we a ssu m e  K  u se rs  w ith in  each  ce ll w ith  o ve ra ll p ow e r c o n stra in t  K P  
th e n  each  u ser c a n  t ra n sm it  d u r in g  a  d ifferent frac tio n  1 / K  o f  th e  t im e  w ith  ave rage  
p ow er K P  ( T D M A  w ith in  the  cell).
W o r k  o n  the  d e te rm in a t io n  o f  the  c a p a c ity  in  ce llu la r  n e tw o rk s  fo llo w in g  the  sa m e  
a p p ro a c h  w a s  a lso  do n e  in  [32] w here  it  w as  con side re d  a  c irc u la r  (ra th e r  th a n  a  lin e a r)  
ce llu la r  a rra y  so  a s to  a v o id  the  edge effects. I n  th is  m o d e l each  ba se  s ta t io n  in  a  cell 
c a n  h ea r s ig n a ls  fro m  the  u se rs o f  e x a c t ly  tw o  ad jace n t cells. T h e  c a p a c it ie s  de rive d  for  
b o th  m o d e ls  are id e n t ic a l a s the  n u m b e r  o f  ce lls te n d s to  infin ity.
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F ig u r e  2.2: P la n a r  ce llu la r  a r ra y  m o de l. T h e  d o tte d  lin es in d ic a te  the  interference  
patte rn .
2.3.2 Wyner’s Planar Model
W y n e r  a lso  in  [2] p ro p o se d  a  tw o -d im e n s io n a l n e tw o rk  m o d e l c o n s is t in g  o f  h e x a g o n a l  
cells a n d  K  t ra n sm itte r s  in  each  cell. T h e  re levant m o d e l s t ru c tu re  c a n  be seen in  
F ig u r e  2.2.
T h e  l im it in g  p er-ce ll c a p a c ity  for the  h e x a g o n a l ce llu la r  a rra y  m o d e l o f  the  rea l M A C  
channe l, a s  the  n u m b e r  o f  ce lls te n d s  to  in fin ity , w as  fo u n d  to  be:
C (a )  =  £  £  lo g  ( l  +  A ®  ( i  +  2a F  {8 ,, 02))2 j  48,492 , (2.8)
w here:F  (#1, 92) =  cos (2tx6 \)  +  cos (2716*2) +  cos (27r (9\ +  92)) a n d  9 \, 62 are the  eq u iva ­
lent freq ue n cy  d o m a in  v a r ia b le s  for the  tw o  d im e n s io n a l t ra n s fo rm  o b ta in e d  w h en  in d e x  
o f the  ce lls is  con side re d  a s  a  t im e  ind ex , see [2] fo r de ta ils.
2.3.3 Multi-user Cellular System with Fading
T h e  re su lts  o f  W y n e r ’s  w o rk  fo rm e d  the  b a s is  for the  fo llo w in g  w o rk  011 th is  sub ject. 
F a d in g  w a s  in tro d u c e d  in to  W y n e r ’s  m o d e l b y  [33] a n d  [3] w here  it s  s im p le  lin ea r  
v e rs io n  sta te s th a t  each  t ra n sm it te d  s ig n a l in  ( 2.6) is  m u lt ip lie d  b y  the  c o m p le x  fa d in g  
experienced  b y  u se r k  in  the  re spe ctive  cell, p lu s  G a u s s ia n  noise.
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I n  [3] fu rth e r  a s su m p t io n s  w ere ta k e n  in to  con side ra tion :
• A t  each  t im e  in s ta n t  the  fa d in g  experienced  b y  each u se r is  d ifferent b u t  id e n t ic a lly  
d istr ib u te d .
• T h e  fa d in g  coefficients w h e n  v iew ed  as r a n d o m  c o m p le x  p ro ce sse s are in d e p e n ­
dent, s t r ic t ly  s ta t io n a r y  a n d  e rgod ic, n o rm a liz e d  to  u n it  pow er.
D u e  to  the  a ssu m e d  s tr ic t  s t a t io n a r ity  p ro p e rty  o f  the  fa d in g  p rocesses, the  t im e  in d e x  
in  the  ch an n e l m o d e l w a s  o m it te d  (a  s ta t io n a r y  p ro ce ss h a s  the  p ro p e rty  th a t  the m ean , 
v a r ia n c e  a n d  a u to c o rre la t io n  s t ru c tu re  do  n o t  ch an ge  over t im e ). A ls o ,  a s  the  fa d in g  
p ro ce sse s w ere a s su m e d  e rgod ic , w h ic h  m e a n s  th a t  the y  te n d  to  a  l im it in g  fo rm  w h ic h  is  
in d e p e n d e n t  o f  the  in it ia l co n d it io n s, a n d  a s  n o  c o d in g  d e la y  c o n stra in t s  w ere a ssu m e d  
to  be  im p ose d , the  re su lts  fo llow ed  the  s t a n d a r d  s tr ic t  S h a n n o n  th r o u g h p u t  theory.
T h e  w id e  b a n d  ( W B ) ,  i.e. C D M A  in trace ll access, is  a lso  con sidere d , d e m o n s t ra t in g  
a d v a n ta g e  over the  T D M A  in tra c e ll access. I t  w a s  p ro ve d  th a t  W B  a cc e ss in g  ach ieves  
the  u lt im a te  sy m m e tr ic  c a p a c ity  (i.e., it  m a x im iz e s  the  su m -ra te )  o f  the  fad e d  W y n e r  
m o d e l [3]. T h e  u p p e r  b o u n d  for the  p e r-ce ll c a p a c ity  in  a  fa d in g  e n v iro n m e n t for the  
lin e a r  m o de l, w as d e rive d  as:
C  ( a )  <  J  lo g  ( ( l  +  2 a 2)  ^1 —  ra 2)  +  ra 2 (1 +  2 a  cos (27r0))2) ^  dO (2.9)
a n d  for the  h e x a g o n a l m ode l:
0(a)  < log j^ l + ( ( l  + 6a2) (l -  ?n2) + ?n2 (1 + 2a F  (01} 02))2)^ ) dQ\d62
(2.10)
w here  ra& is  the  expected  v a lu e  o f  a n  in d iv id u a l c o m p le x  fa d in g  coefficient.
T h e  su rp r is in g  re su lts  o f  [3] d e m o n stra te  th a t  for to ta l S N R  gre a te r  th a n  zero a n d  a  
ce rta in  ra n ge  o f  re la t iv e ly  h ig h  in ter-ce ll interference, the  fa d in g  im p ro v e s  the  sy s te m  
p e rfo rm a n ce  a s c o m p a re d  to  the  case  w ith  n o  fa d in g  [2]. T h e se  in te re st in g  re su lts  
are  a t t r ib u te d  to  the  m u lt iu se r  d iv e r s ity  effect. A c c o r d in g  to  [13], th e  p h e n o m e n o n  o f
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m u lt iu se r  d iv e rs ity  in  fa s t  f a d in g  ch an n e ls  a rise s f ro m  the  ex istence  o f  in d e p e n d e n t ly  
fad e d  s ig n a l p a th s  fro m  the  m u lt ip le  u se rs in  the  sy stem . I n  a  fa s t  f a d in g  channe l, i f  w e  
ave rage  over the  v a r ia t io n s  o f  th e  ch an n e l th e n  w e c a n  a t ta in  a  h ig h  lo n g - te rm  ave rage  
th ro u g h p u t.  M u lt iu s e r  d iv e rs ity  im p ro v e s  p e rfo rm a n c e  (S c h e d u lin g  G a in )  b y  e x p lo it in g  
the  ch an n e l fad in g : the re  is  a  h ig h  p ro b a b i l i t y  a t  every  t im e  th a t  a  s t r o n g  u se r w il l  
e x ist  a n d  b y  a llo c a t in g  a ll th e  re sou rces to  th a t  user, a t  th is  sp ec ific  t im e , th e  sy s te m  
ben e fits  fro m  the  s t r o n g  channe l. N o te  th a t  th e  a d v a n ta g e  o f  f a d in g  in  th e  se tt in g  o f  
[3] d oes n o t  requ ire  a  la rge  n u m b e r  o f  users.
L e tz e p is  in  [34] m o d if ie d  the  o n e -d im e n s io n a l v e rs io n  o f  W y n e r ’s  m o d e l w ith  fa d in g  to  
a cc o u n t for the  free-space p a t h  lo ss  in c u rre d  betw een  each  u ser t ra n sm it te r  a n d  ce ll- 
s ite  receivers. T h e  o p t im u m  c a p a c ity  is  e s t im a te d  b y  u s in g  the  S h a n n o n - t r a n s fo rm  o f  
th e  M a r c e n k o -P a s tu r  law . T o  keep th e  p ro b le m  trac tab le , a ll  u se rs are a ssu m e d  to  be  
c o llo ca te d  a t  the  ce ll-s ite  rece iver’s p o s it io n . T h e  m a jo r  c o n tr ib u t io n  o f  the  w o rk  is 
th a t  it  a cco u n ts  for the  in terference cau se d  n o t  o n ly  fro m  the  tw o  n e ig h b o r in g  ce lls b u t  
fro m  a ll ce lls in  the  sy s te m  e n a b lin g  the  s t u d y  o f  the  effects o f  c h a n g in g  ce ll-d e n s ity  in  
the  sy stem .
2.3.4 MIMO Cellular System
I n  th e  la s t  few  years, the re  h a s  be en  g re a t  effort to  characterize  the  c a p a c ity  o f  M I M O  
ce llu la r  netw orks. W i t h in  the  con ce p t o f  a  liype r-rece iver, a n d  u s in g  a  lin e a r  a rra y  
m o d e l , the  a u th o rs  in  [35] tr ie d  to  characte r ize  the  s u m  c a p a c ity  o f  a  ge n e ra l m u lt i­
u se r  M I M O  sy s te m  w ith  u n c o rre la te d  R a y le ig h  fad in g . T h e  c a p a c ity  in  th is  s tu d y  w as  
fo u n d  to  g ro w  lin e a r ly  a s  the  n u m b e r  o f  a n te n n a s  in  a ll a n te n n a  a rra y s  in  the  sy s te m  
is  sca le d  up.
A  lim ite d  hype r-rece ive r a n d  a  lin e a r  a r ra y  m o d e l w a s  co n s id e re d  in  [4] w here  the  
ce llu la r  n e tw o rk  is  d iv id e d  in to  s m a ll  m a c ro  d iv e rs ity  n e tw o rk s (c lu ste rs  o f  ce lls) w ith  
each  c lu ste r  jo in t ly  d e c o d in g  each u se rs lo c a lly  to  it. T h e  n u m e r ic a l re su lts  sh o w  th a t  
a lth o u g h  the  n o rm a lise d  s u m  c a p a c ity  (in  u p lin k )  o f the  lo c a l m a c ro  d iv e rs ity  n e tw o rk  
is  sm a lle r  th a n  the  one  o f  the  g lo b a l,  a s  the  size  o f  the  c lu ste rs inc rease s the  tw o  
a p p ro ach e s ach ieve  s im ila r  cap ac itie s.
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F e n g  et. al. in  [36] s tu d y  the  u p l in k  o f  a  d is t r ib u te d  a n te n n a  sy s te m  ( D A S )  w ith  a  
l im ite d  n u m b e r  o f  B S s  d is t r ib u te d  o n  the  side s o f  a  h e x a g o n  a n d  one  m o b ile  te rm in a l. 
T h e y  f in d  the  e rgo d ic  c a p a c ity  b y  a p p r o x im a t in g  the  p d f  o f  the  ch an n e l u s in g  P a t n a ik ’a  
a n d  P e a r so n ’s m e th o d s  [37]. I n  a  v e ry  recent w o rk  [38] the  a u th o rs  in v e st ig a te  the  u p l in k  
o f  a  m u lt i-u se r  D A S  w ith  c irc u la r  a n te n n a  la y o u t, sm a ll a n d  la rge  sca le  fa d in g  present. 
T h e  B a s e  s ta t io n s  are u n ifo rm ly  a n d  in d e p e n d e n t ly  d is t r ib u te d  o n  a  c irc le  w h ile  the  
u se r te rm in a ls  are u n ifo rm ly  d is t r ib u te d  o n  the  coverage  area. T h e y  u se  a  v e ry  c ru de  
a p p ro x im a t io n  b y  re la t in g  the  ch an n e l to  th e  s in g le  M I M O  lin k  one a n d  th e y  f in d  the  
a p p ro x im a te  pe r-u se r su m  capac ity .
2.4 M athem atical background and lim itations of current 
literature
O n e  m a jo r  o b se rv a tio n  th a t  needs to  b e  m a d e  here is  th a t  in  the  co n te x t o f  h y p e r ­
receiver a  ce llu la r  n e tw o rk  c an  be  con sid e re d  a s a  g ia n t  M I M O  c h a n n e l (F ig u re  2.3). 
T h e  o u tp u t  o f  th is  ch an n e l is  g iv e n  b y  (2.4) a n d  the  ch an n e l m a t r ix  H  is  a  N  x  K N  
m a tr ix  w ith  N  the  to ta l n u m b e r  o f  B a s e  S ta t io n s  in  the  sy s te m  a n d  K N  the  to ta l  
n u m b e r  o f  u sers in  th e  sy stem .
T h e  o n ly  im p o se d  c o n stra in t  is  a  l im it a t io n  o n  the  t ra n sm it  p ow e r o f  the  U T s ,  w h ic h  
re la tes to  the  p h y s ic a l l im ita t io n s  o f  the  t ra n sm it  am p lifie r. N o  Q u a l i t y  o f  Se rv ice  
(Q o S )  c o n stra in ts  su c h  a s d e la y  a n d  m in im u m  ra te  c o n stra in ts  are considered. T h u s ,  it  
c an  be seen fro m  the  s tru c tu re  o f  th e  p ro b le m  th a t  t r a n sm it t in g  w ith  m a x im u m  pow er  
o p tim iz e s  capac ity . T h is  re a liz a t io n  is  a n  im p o r ta n t  ch a ra c te r ist ic  o f  B S  co o p e ra tio n ,  
sin ce  it  im p lie s  th a t  n o  p ow er co n tro l is needed. A n  in tu it iv e  e x p la n a t io n  w o u ld  be  th a t  
the re  is n o  re a so n  for c o n tro ll in g  the  t ra n sm it  pow er, b e cau se  in te r-ce ll in terference is 
n o  lo n ge r  h a rm fu l. G o in g  b a c k  to  th e  lo g d e t  equation , the  c a lcu la te d  c a p a c ity  va lu e  
de p e n d s o n  the  n u m b e r  o f  ce lls a n d  the  e v a lu a t io n  o f  th is  fo rm u la  b e co m e s p ro b le m a tic  
in  ex te nsive  sy ste m s, a s the  d e te rm in a n t  o f  a  re a lly  la rge  r a n d o m  m a tr ix  h a s  to  be  
found . F o r  th is  reason , a s y m p to t ic  re su lts  have  been con sid e re d  in  [39], w here  the  
sy s te m  size  te n d s to  in f in ity  a n d  the  c a p a c ity  is  n o rm a liz e d  b y  the  n u m b e r  o f  cells.
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Cooperative Base 
Stations
F ig u r e  2.3: A  c o n ve n t io n a l sy s te m  w ith  c o o p e ra tin g  base  sta t io n s.
In  u p lin k  scen a rio  th is  is equivalent, to  a  M I M O  M A C  ch an n e l a n d  in  d o w n lin k  
scen a rio  th is  can  be  con ve rte d  to  a M I M O  B C  channel.
F o r fu rth e r read in g, [40] in c lu d e s a  d e ta ile d  rev iew  o f the  m a th e m a t ic a l fo u n d a t io n s  o f  
ra n d o m  m atr ice s, a s th e y  a p p e a r  in  w ire le ss co m m u n ica tio n s.
Be fo re  the  p re se n ta tio n  o f  the  w o rk  ca rr ie d  o u t so  far, it is a p p ro p r ia te  to  ou tlin e  
the  m a in  a p p ro a c h  (w id e ly  u sed  in  in fo rm a t io n  theoretic  lite ra tu re ) th a t  is u sed  to
fin d  a n a ly t ic a l so lu t io n s  for c a p a c ity  u n d e r fa d in g  c o n d it io n s  (w here ch an n e l m a tr ix  is
ra n d o m ). T h e  in fo rm a t io n  the oretic  c a p a c ity  o f  a ce llu lar s y s te m ’s u p lin k  w ith  in p u t  
vecto r x , o u tp u t  vecto r y ,  ch an n e l m a t r ix  H  a n d  t ra n sm it  covarian ce  m a t r ix  Q  u n d er  
a  to ta l pow er c o n stra in t  o f  P  is  g iv e n  by:
C  =  m a x  Z ( x ; y | H ) .  (2-11)
Q : t r ( Q ) = P
W it h  an  i.i.d. zero m e an  G a u s s ia n  in p u t  (w h ich  m a x im iz e s  (2 .11 )) a n d  no ise  var iance  
n o rm a lise d  to  un ity, the  m u tu a l in fo rm a t io n  o f  (2.11) can  be expre ssed  as:
C  =  E h  [log d e t ( i  +  H Q H 1) ] . (2.12)
F ro m  (2.12) it  is  o b v io u s  th a t  the  m a in  p ro b le m  is to  f ind  a n  a n a ly t ic a l ex pre ssion  th a t  
w ill a llo w  the  c a lc u la t io n  o f  the  d e te rm in a n t  o f  an  a sy m p to t ic a lly  la rge  ra n d o m  m a tr ix .  
A s  the  d e te rm in a n t  is the  p ro d u c t  o f  the  e igen va lu es o f  the  m a tr ix ,  th is  in  tu rn  m e an s  
th a t  the  e igenva lues o f  th is  a sy m p to t ic a l ly  la rge  ra n d o m  m a tr ix  need to  be eva luated .
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F o rtu n a te ly , in  m o st  o f  the  cases o f  in tere st (in  ce llu la r  sy ste m s) th is  m a t r ix  is  e ither a  
T o e p litz  or a  C ir c u la r  m a tr ix . I n  [41] it  is sh o w n  th a t  a n y  fin ite -o rd er T o e p litz  m a t r ix  is  
a sy m p to t ic a lly  eq u iva le n t to  a  c irc u la n t  m a t r ix  c o n stru c te d  b y  f ill in g  in  the  b o t to m  left 
a n d  to p  r ig h t  corne r entries o f  the  o r ig in a l T o e p litz  m a t r ix  w ith  a p p ro p r ia te  entries. 
See the  e x am p le  o f  a s y m p to t ic a lly  eq u iva le n t ( represented  b y  x )  T o e p litz  ( T )  a n d  
c irc u la n t  ( C )  m a tr ic e s  be low :
T  =
1 a 1 a a
a i a a i a
a 1 a 1
a ‘ . a
a  1 a a  1 a
a 1 a a 1
- - - «
=  C (2.13)
I t  is a lso  w e ll k n o w n  [41] th a t  the  e igen va lu e s o f  a  c irc u la n t  m a t r ix  are o b ta in e d  b y  
e v a lu a t in g  the  D isc re te  F o u rie r  T ra n s fo rm  ( D F T )  o f  it s  first row . T h e  a sy m p to t ic  
equ iva lence  o f  c irc u lan t  a n d  T o e p litz  m a tr ic e s  e sse n t ia lly  m e a n s  th a t  the ir  e igenva lues  
be h ave  s im ila r ly . T h u s  in  m o st  o f  the  cases o f in terest, in  o rde r to  f in d  the  o p t im u m  
capac ity , one m u st  f in d  the  entrie s o f th is  a sy m p to t ic a lly  la rge  T o e p litz  or c irc u lan t  
m a tr ix  a n d  o b ta in  its  e igen va lu e s u s in g  the  F o u rie r  t ra n s fo rm  or “D F T  o f f irst  ro w ” , 
respective ly.
A s  it  is  ob se rved  fro m  the  w o rk  c u rre n t ly  ca rr ie d  o u t b y  researchers a b o u t  the  e rgo d ic  
c a p a c ity  o f  ce llu la r  sy s te m s  in  the  con tex t o f  a  hyper-rece iver there  is  a  lo t  m o re  needs  
to  be  done  in  orde r to  have  a  b e tte r  in s ig h t  a n d  u n d e r s ta n d in g  o f  the  m a x im u m  c a p a c ity  
th a t  c a n  be  ach ieved  in  n o w a d a y s  c e llu la r  netw orks.
M o s t  o f  the  w o rk  th a t  can  b e  fo u n d  in  the  lite ra tu re  refers to  the  lin e a r  a rra y  m ode l. 
E v e n  in  the  w o rk  th a t  h a s  been  re p o rte d  a b o u t  the  m o re  re a lis t ic  p la n a r  ce llu la r  m ode l, 
the  u sers are con side re d  c o -lo ca te d  a t  the  B a s e  S t a t io n ’s p o s it io n  w ith  a  s in g le  s c a lin g  
fa c to r  rep re se n tin g  the  p a t h  lo ss. Se v e ra l c lo se d  fo rm  fo rm u la s  need to  b e  de rive d  
a n d  so m e  m a jo r  a s su m p t io n s  th a t  have  cu rre n t ly  been  a d o p te d  b y  researchers need to  
b e  rem oved  so  a s the  c a p a c ity  re su lts  p re se n ted  co rre sp o n d  m o re  c lo se ly  to  re a l-w o r ld  
sy ste m s. W h e n  so m e  o f the se  a s su m p tio n s ,  su c h  a s  co -lo ca te d  users, co n tin u o u s p a th
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lo ss  m o de l, are  re m ove d  , th e  c h a n n e l m a t r ix  is  n o  lo n ge r  a  c ir c u la n t /T o e p lit z  one  
a n d  th u s  the  a n a ly s is  is  m a d e  m u c h  m o re  d ifficu lt. I n  the  n ext se c t io n  w e p re sent the  
ge n e ra l m a th e m a t ic a l a n a ly s is  th a t  trie s to  tack le  w ith  the  a fo re m e n tion e d  p ro b le m .
2.5 M athem atical model and problem definition
A s  m e n tio n e d  earlier, to  fa c ilita te  c a p a c ity  a n a ly s is ,  the  o u tp u t  ve c to r  o f  a ll the  rece ived  
s ig n a ls  in  the  sy s te m  c a n  be expre sse d  in  m a t r ix  form . C o n s id e r  the  re p re se n ta tion  o f  
the  ce llu la r  sy s te m  a s  a  re c ta n g u la r  array, a s d e sc rib e d  b y  W y n e r  in  [2], a n d  the  ra ste r  
sc a n n in g  m e th o d  th a t  w a s  u se d  b y  S o m e k h  a n d  S h a m a i in  [3] to  define  the  o rde r o f  
the  sy s te m  o u tp u t  ve c to r  e lem ents (i.e. the  one -to -one  m a p p in g  o f  a ll tw o  d im e n s io n a l  
in d e x  vec to rs for the  ce lls to  a  u n iq u e  one  d im e n s io n a l in d e x  sy ste m ). T h u s ,  the  sy s te m  
o u tp u t  c a n  b e  expre ssed  a s the  o u tp u t  o f  the  M I M O  m u lt i-u se r  ch an n e l in  (2.4):
y  =  H x  +  z  (2.14)
w here  y  =  [j/i, ?/2> •■•Vn]1' is  th e  N x  1 rece ived  s ig n a l c o lu m n  vector, x  =  j x i 7', X 2T , . . .x ^ r j 
is  the  N K  x  1 c o lu m n  ve c to r  o f  the  t ra n sm it te d  s ig n a ls  o f  a ll  the  users, w ith  x n — 
[a+,i) •••) x n,i<]T , d e n o t in g  th e  c o n ca te n a tio n  o f  the  t ra n sm itte d  s ig n a ls  fro m  the  K  u se rs  
in  cell n , z  is the  N  x  1 c o lu m n  vecto r  o f  n o ise  a n d  H  is  the  o ve ra ll N  x  N K  sy s te m  
g a in  m a t r ix  g iv e n  by:
H  =  S 0 G  (2.15)
w here  ©  is  the  H a d a m a r d  o p e ra to r, S  is  a  d e te rm in ist ic  N  x  N K  m a t r ix  th a t  c o n ta in s  
a ll the  p a th  g a in  coeffic ients a n d  G  is the  N  x  N K  m a t r ix  o f a ll the  fa d in g  coefficients  
o f  the  channe ls. I n  H  m a tr ix ,  each  ro w  co rre sp o n d s to  a  sp ec ific  receiver a n d  each  
c o lu m n  to  a  spec ific  tra n sm itte r . T h e re  h a s  to  be  n o te d  th a t  these  m u lt ip a th  fa d in g  
coefficients c a n  be  a s su m e d  in d e p e n d e n t even  w h e n  th e y  c o rre sp o n d  to  a n te n n a s  o f  the  
sa m e  B a s e  sta t io n , i f  the se  a n te n n a s  are  a s su m e d  to  b e  se p a ra te d  b y  su ffic ient n u m b e r  
o f  w ave len gth s.
T h e  m a x im u m  p er-ce ll ra te  is ach ieve d  w h e n  a ll U T s  are a llow e d  to  t ra n sm it  a ll the  
t im e  a t  the ir  m a x im u m  t ra n sm it  p ow er c o n stra in t  (w ide  b a n d  schem e p re se n ted  in  [3]),
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a n d  in  th is  case  the  c a p a c ity  is  g iv e n  b y  [12]:
C  =  l in i  E
N — > oo
—  lo g d e t G O ] (2.16)
w here  the  e x p e c ta tio n  is ta k e n  over a ll  the  fa d in g  re a liz a t io n s  a n d  A y  is  the  covarian ce  
m a t r ix  o f  the  sy s te m  o u tp u t  vec to r (fo r a  fixed  ch an n e l m a tr ix  H ) :
A y  =  E  [ y y t ]  =  H E  [xx1] H 1 +  E  [zz1] =  P H H 1 +  a 2l N xN  (2.17)
C o n s id e r in g  a  sp ec ific  w ra p -a ro u n d  to r ic  m o d e l a n d  the  fac t th a t  the  u se rs fo llo w  the  
sa m e  sp a t ia l d is t r ib u t io n  in  eve ry  cell, S  c an  be  con sidere d  a s a  b lo c k -c irc u la n t  m a tr ix ,  
in  te rm s o f its  ro w -ve c to r  e lem ents, each  o f  le n g th  K :
53 =
K K
C1 1 n,i • • • yl.k
K
cN cN Vi.i • • • SI,/C
Sjv.l • • • ^N,K
K
,-------— ■*-------- ,
cN cN SjV, 1 • • • $ N tK
(2.18)
F r o m  (2.18) a n d  the  fac t th a t  the  e lem ents o f  S  are real, S 5 3 +  can  b e  sh o w n  to  b e  a  
rea l c irc u la n t  m a tr ix .
U n lik e  S ,  G  m a t r ix  d oes n o t  have  s y m m e try  be cau se  o f the  ra n d o m n e ss  o f  the  phase. 
H ence, G G 1 =  f i  d oes n o t  fo llow  a  sp ec ific  sy m m e try :
K N  s u m  K N  s u m
n  =
( 91,1)  +  ■ • • +  ( 9 n , k )  ( 9 n , k )  • • • ( 91,1 )  ( # 1,1)  +  • ■ ■ +  ( 9 n , k )  ( 9 n , k )
K N  s u m
( 51,1)  ( 5 i , i )  +  • • • +  ( 9 n ,i < )  ( 9 n ,k )
K N  s u m
: (+)(+)* + - + ( + K)(+/c)'
(2.19)
N e verthe le ss, each  e lem ent o f f l  is  the  re su lt  o f  the  m u lt ip lic a t io n  o f a ro w  o f m a t r ix  G  
(w h ic h  is a  K N  v e c to r) w ith  a  c o lu m n  o f  m a t r ix  G 1 (a g a in  a  K N  vecto r). T h u s ,  each  
e lem ent o f  m a t r ix  f t  is  the  K N  s u m  o f  r a n d o m  v a r ia b le s  m u lt ip lie d  w ith  the  co n ju ga te  
t ra n sp o se  o f  o the r r a n d o m  v a r ia b le s  w h ic h  fo llo w  the  sa m e  d is tr ib u t io n . W h e n  K  00 
for every  fixed  AT, the  h o r iz o n ta l d im e n s io n  o f  G  g row s m u c h  faste r  th a n  the  v e rt ic a l
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dimension. In this case the law of large numbers applies to each element of f t
w y  =  K N 2 E  [9* * ( 4 i4) ‘] , W i , j  e  { 1 , N }  (2.20)
and hence, O converges to a deterministic m atrix equal to E [12].
There are two different types of product elements:
P r o d u c t  o f  a f a d i n g  c o e f f i c i e n t  w i t h  t h e  c o m p l e x  c o n j u g a t e  o f  t h e  s a m e  f a d i n g  c o e f f i c i e n t .  
Here, since all the complex fading coefficients are assumed to be normalized to unit 
power, we have that:
E [* ,*  f e , f e ]  =  E J f e J ]  =  1 (2.21)
This product takes place at the diagonal entries of 12.
P r o d u c t  o f  a  f a d i n g  c o e f f i c i e n t  w i t h  t h e  c o m p l e x  c o n j u g a t e  o f  a  d i f f e r e n t  f a d i n g  c o e f f i ­
c i e n t .  The off-diagonal entries of O are the K N  sum of the following product elements:
E f e *  f e d * ] = E  [ K Y - *  +  + « *
E rh,k m >fc rh,k
j ( ,  -/|©n —©^ 1
J L e  V m ' k J  + B l t k B n,  { e  \  m ' km .k m ’K m.k (2 .2 2 )
where A f t k  , B f t k  are real values and B f t k e y e ™ +  =  ( a f t k  +  . We remind th a t
#  and © are uniformly distributed random variables over (0,27r). In th a t case , (2.22) 
converges to:
E f e t f e d l  = °  + 23)
which implies th a t E [Ay] converges to  a diagonal matrix.
Considering th a t the number of cells grows very large, E [Ay] becomes a  large random 
m atrix. We use Jensen’s inequality th a t provides an upper bound for the capacity of 
the system:
w i S o ( ^ log (detE [A yl))  58 w + E [ v l0gdet(A y)] (2'24)
According to the above, if we assume th a t the number of UTs in to tal is growing large, 
the law of large numbers ensures th a t the upper bound presented in (2.24) is tight [3].
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Hence
lim
IV—>00 ( j j  log (det E  [A y ]) )  for K  -> 00 (2 .25)
The above analysis backs and enables the introduction of a new figure of merit when it
comes to the calculation of the capacity of a cellular system. This is explained in the 
following subsection.
2 . 5 . 1  T h e  c o n c e p t  o f  R i s e  o v e r  T h e r m a l
In the practical engineering design of cellular systems, the main figure of m erit that 
determines the capacity (maximum reliable transmission ra te w ith vanishingly small 
error rate) of a User Terminal (UT), is the Signal to Interference and Noise Ratio 
(SNIR) at the BS receiver, given as
where P r  is the received power a t the BS of interest, a 2 is the therm al AWGN at the 
receiving BS and I  is the inter-cell and intra-cell interference received from other UTs 
of the system.
However, as shown before for the information-theoretic analysis of a cellular system th a t 
uses a hyper receiver approach, the main figure of merit th a t determines the per-cell 
capacity (at any BS) is:
assuming th a t all UTs in the system transm it at their maximum allowable power con­
straint, P p -  The factor a i  denotes the relative attenuation experienced by the transm it­
ted signal of each UT until it reaches the receiver. The numerator term  £ i  a j P r  is the 
to tal received signal power (desired signal power for the base station in consideration 
and also the power of the signals intended for the other base stations in the system). 
Splitting the numerator into desired , P r , and (conventionally termed) undesired signal, 
I ,  we can express RoT [42] as:
S N I R  =  y ~ ~ 2  
I  +  a £
(2 .26)
(2 .27)
(2 .28 )
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This shows th a t the information theoretic approach of using a hyper receiver has the 
potential of converting the conventionally harmful interference into a factor th a t in­
creases the figure of merit by moving the interference term  from the denominator to 
the numerator -  compare (2.2G) and (2.28).
Note th a t the num erator of (2.26) is a  direct function of the transm it power of the UT. 
Therefore, the ratio 7  =  ^  can be defined and used as the figure of merit. W ith this 
definition incorporated, the RoT is given by:
RoT =  ] > > 47 , (2.29)
i
The main reasons th a t the SINR does not constitute an appropriate figure of merit for 
information-theoretic analysis are:
•  Inter-cell and intra-cell interference is not harmful and thus the term  I  cannot be 
used in the denominator when a joint decoder is considered.
• Since there is no harmful interference, there is no need for power control and 
thus the UTs constantly transm it w ith the maximum available power Py. In this 
context, the transm it power P t  remains fixed for all the UTs, whereas the received 
power at each BS differs for each UT. In  addition, since the objective function is 
the per-cell capacity, the power variable affecting the value of this function should 
have a constant value throughout the whole cell. In this direction, the per-cell 
capacity can be calculated as a function of P r ,  which is a  fixed system parameter, 
common to all the UTs of a  cell.
It shall be noted th a t the problem of finding the (per-cell) capacity of a cellular system 
can be greatly simplified by focusing on the single BS receiver and its RoT. Due to 
the symmetry of the problem (ignoring the edge effects) all BS receivers are identical 
and system capacity is simply the per-cell capacity times the number of cells. The 
m athem atical formulation analysed a t the sta rt of this section, backs the heuristic idea 
introduced here.
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2 . 6  M o d i f i e d  P a t h  L o s s  M o d e l
In this section we briefly analyse the path  loss model used for most of the analysis and 
results presented in this thesis.
Normal power-law path  loss model can be expressed as:
+  A  (2.30)
P i  ( d ) n  '  1
where L q  is defined as the power received a t a reference distance when transm itted 
power is one unit -  from (2.30), L o  —  J -  ■ d ( j .  Hence the term  j p -  is dimensionless: 
dimensions of L o  are (distance’7). The distance d  is defined as the actual distance 
between the transm itter and the receiver.
Now consider Figure 2.4. The to tal span of the cellular network is D  and there are N  
cells within this span. If the distance d o  is defined as a reference distance between the 
transm it antenna and a reference point, we can define the distance from the reference 
point to the receiver as d \  It is clear th a t d  =  d  +  do- Malting this substitution in
(2.30), we get
. 2  L q
9 = ( 5 r f +  ( 2 ' 3 1 >
which can be rearranged to get
c 2 -  h  -  f  ( 2 32)
In right hand side of (2.32), the numerator is dimensionless, due to the same reasoning 
why the left hand side of (2.30) was dimensionless. Denominator is also dimensionless
j
as the number 1 and the normalised distance both are dimensionless.
It should be noted th a t the modified path  loss model is not completely arbitrarily 
selected but it has a strong one-to-one correspondence to a practical system; A system 
where an exclusion zone has been created around the transm it antenna and any receiver 
can be placed in the system at a distance from the transm it antenna which is constrained 
to the range [do, oo]. This also implies th a t d '  ranges in [0, oo], which creates an 
exclusion zone of length 2 do around the BS of interest.
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Figure 2.4: Definitions of distances for modified path  loss model
Y ) '
C
f \
/ x L Z
D/N-d0
D/N+do
Figure 2.5: Average distance used for modified path  loss model between interfering 
transm itters from the base station of interest.
Now consider Figure 2.5, which depicts two neighboring cells w ith collocated UTs 
according to Letzepis’s model. Due to the nature of the modified path  loss model, 
c o l l o c a t e d  UTs refer to the UTs which are located equidistant from the BS on either 
side with a  minimum separation d o .  In this context, the left cell shows the location of 
transm itting collocated UTs a t the reference point and the right hand cell depicts the 
receiver a t the BS of interest. The normalized average distance between the transm itters 
and the receiver is given by d'av/do = (K /2 - (D /N  — do )+ K /2 -(D /N  + do))/K = D /N  
and thus
d'av/d 0 = d/do = d = D /N  (2.33)
as used in the calculation of path  loss factor given below.
There has to be noted th a t the calculation of the average path  loss using the average 
distance is a good approximation and this is also verified by the simulations performed 
in the later chapters.
2 . 6 . 1  C a l c u l a t i o n  o f  p a t h  l o s s  f a c t o r
Considering our model where to tal span of the (linear, or a single dimension of the pla­
nar) cellular network is D (normalised distance) and there are N  cells within this span,
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the distance between any two (immediate) neighbour base stations is D / N  (normalised 
distance). Now consider the above modified path  loss model as:
Lg I/Q
^  =  / .  =  7 7 + W  (2 -3 1 )
with d  =  d j -  defined as the normalised distance. As pointed out earlier, the numerator 
of the fraction on right hand side is dimensionless. Assume this dimensionless constant
is scaled to unity, giving the equation:
^  =  (1 +  d f  ( 2 ' 3 5 )
Now the power transm itted to  a BS of a  cell, appears as interference to the two im­
mediate neighbour cells a t a  distance given using Equation (2.33) and the definition of
n
d  =  D / N  =  1 /n  (2.36)
and the corresponding path  loss is calculated using Equation (2.35) as
?2 =  ( i  +  l / n f  ^2 *3 7 )
= (1 + 1 /n )"7 (2.38)
As this factor defines the ratio of received and transm itted power, the amplitude of any 
transm itted signal will be attenuated with a factor a  given as:
c*i =  (1 +  1/11 ) ~ n / 2  (2.39)
note the factor r ) / 2 is due to the square root operation on power ratio to obtain the 
amplitude attenuation. Similarly, the attenuation for the next tier (where the distance 
is now 2 D / N  =  2 /II)  is given as:
a 2 =  (1 +  2 / n ) ~ + /2  (2 .4 0 )
for both the right and left neighbours. This is generalised for all tiers of interference 
as:
a, =  (1 +  b i / n r ”72 (2.41)
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with |d| representing the factor required to find the distance corresponding to the j th 
tier of interfering BS antennas on either side of the BS of interest.
For keeping the analysis and discussions simpler, we can safely assume the reference 
distance to be lm. In this scenario the normalised distances can also be interpreted as 
distances in meters.
2 . 6 . 2  R e l a t i o n  t o  t h e  E m p i r i c a l  M o d e l s
The modified path loss model of (2.34) is not a perfect representation of the practical 
systems, but being a close approximation it can serve as a useful tool for information- 
theoretic analysis. In the previous section, we have explained the physical motivation 
for adopting this modified path loss model and we have shown the relevance to the 
problem of calculating the capacity of cellular systems, as done by Letzepis [5].
The simplified path loss model attempts to capture two important phenomenon in 
the physical system: actual power (or envelope/voltage) attenuation in the physical 
system at any distance (w.r.t reference distance) and the rate at which this attenuation 
increases with the increasing distance from the reference point. The parameter Lq 
captures the actual attenuation at the reference distance and the path loss exponent 
?7 captures the rate at which the attenuation increases with the distance. In order 
to provide a one-to-one correspondence between the simplified path loss model and 
the empirical models the values of these parameters need to be determined with the 
objective of providing a best-fit of the empirical data obtained in the field. Some models 
reported in the literature are summarised below.
We have selected two well-known empirical models for micro-cellular and macro-cellular 
systems. These models are briefly described in the following subsections. We use the 
appropriate models relevant to the carrier frequency of the UMTS system (1.9 GHz).
2 . 6 . 3  M a c r o - c e l l :  P C S  e x t e n s i o n  t o  H a t a  m o d e l  [4 3 ]
The PCS extension to Hata model was developed by the COST-231 working committee 
by extending the H ata’s model to 2 GHz by proposing the following formula for the
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path loss:
?|0(urban)[in dB] =  —(46.3 +  33.9log f c — 13.82loghte — a(hre)+
+(44.9 -  6.55 log hte) log d +  CM) (2.42)
where f c is the carrier frequency, hre, hte are the effective heights of the receive and 
transmit antennas, d is the transmit-receive separation. Parameter a(hre) depends on 
the city size and the frequency via:
a(hre) =  (1.1 log f c — 0.7)/ire — (1.56 log f c — 0.8) dB for small-medium city (2.43) 
a(hre) =  8.29(log 1.54/ire)2 — 1 . 1  dB for f c <  300 MHz and large city (2.44) 
a(hre) =  3.2(log 11.75hre)2 — 4.97 dB for f c > 300 MHz and large city (2.45)
and
0 dB for medium sized city and suburban areas 
CM =  (2.46)
3 dB for metropolitan centers
There are restrictions on several parameters. The valid ranges for these parameters 
are:
/  :1500 MHz to 2000 MHz
hte :30 m to 200 m 
hre :1 m to 10  m 
d :1  km to 20 km
Table 2 .1 : Valid Range of Parameter Values
Comparing with our simplified model, we have:
Lo[in dB] =  46.3 +  33.9log f c — 13.82loghte — a(hre) +  Cm  (2-47)
77 =  (44.9 -  6.55 log hte) (2.48)
2 . 6 . 4  W i d e b a n d  P C S  M i c r o c e l l  M o d e l  [4 3 ]
Feuerstein, et.al. in 1991 developed statistics for path loss, multipath, and coverage 
area in Line-of-Sight (LoS) and obstructed (OBS) environments. For LoS cases they
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developed a double regression path loss model that uses a regression point at distance 
df  at which the first Presnel zone just becomes obstructed by the ground (first Presnel 
zone clearance):
dS = J i e h l h L  -  A ( h i  + h-y  + Y  (2.49)
where A is the wavelength of the carrier wave and is given as A =  c / / c with c =  3 x  10s 
m/s.
The model assumes omnidirectional antennas and predicts average path loss:
— IO771 log(d) + Lo for 1 < d < df
rf[dB] = (2.50)
— IO772 log(d/df) — IO771 log df + Lq for d >  df
where L q is equal to the path loss in decibels at reference distance do =  lm, d is 
in meters and 771, 772 are path loss exponents which are function of the transmitter 
heights and are given in Table 2 .2 . At reference distance it can be easily shown that 
101og10Lo =  —38 dB.
For OBS case, the path loss was found to fit the standard log-distance path loss law 
given by the following equation:
C2(d)[dB] =  - 10?7log(d) + 101og10L0 (2.51)
where 77 is the OBS path loss exponent given in Table 2.2 as a function of transmitter 
height. The standard deviation (in dB) of the log-normal shadowing component was 
also found from measurements and is listed in Table 2.2 as a function of the transmitter’ 
s height for LoS and OBS micro-cell environments. It can also be observed from Table 
2.2 that the log-normal shadowing component is between 7 and 9 dB regardless of 
antenna height.
We should note that if the range of parameters or any values in the empirical models 
do not fit very well to certain coverage area, field studies can be performed to obtain 
the path loss data. The values of the constant Lo and 77 (or 771,772 etc for multiple slope
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Table 2.2: Parameters for the Wideband micro-cell model at 1900 MHz
Transmitter 1900 MHz LoS 1900 MHz OBS
Antenna Height T)i t)2 <r(dB) r/ <r(dB)
Low (3.7m) 2.18 3.29 8.76 2.58 9.31
Medium(8.5m) 2.17 3.36 7.88 2.56 7.67
High(13.3m) 2.07 4.16 8.77 2.69 7.94
Figure 2.6: Comparison of Empirical Models with Simplified Path Loss model using 
appropriate parameters for Simplified Path Loss Model
model) can then be obtained by using the curve fitting to minimise the mean square 
error between the empirical values and the model values.
2 . 6 . 5  R e l a t i n g  t h e  S i m p l i f i e d  P a t h  L o s s  M o d e l  
a n d  E m p i r i c a l  M o d e l s
In order to see the relation of the simplified path loss model and the empirical models 
we plot the results obtained by the two empirical models and the results for simplified 
model with varying r/ in Figure 2.6.
Based on the limitations of the two models (in terms of the parameters that can be
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Table 2 .3 : Value/Range of parameters used for finding the capacity of the practical 
cellular systems
Parameter Symbol Value/Range (units)
Cell Radius R 0.1 — 10 km
Reference Distance do 1 m
Path Loss at do Lo 10-3-s
Path Loss Exponent V 2-4 usual values {2, 3.5}
UTs per cell I< 20
UT Transmit Power P 100-200 mW
Thermal Noise Density N 0 -169 dBm/Hz
Channel Bandwidth B 5 MHz
used) we use the following parameters to approximate the path loss. For both models 
we use f c =1.9GHz, Hre =  1.5m and 101og10Lo =  -38dB. We use the minimum 
allowed transmit antenna height for the macrocellular system model (30m) and the 
maximum allowed for the microcellular system (13.3m). We assume a line-of-sight dual 
slope environment for microcellular system and a small/medium sized city environment 
for the macrocellular system.
It can be observed that the microcellular model suggests a smaller value of g =  2 
and the macrocellular model suggests a much larger value of rj = 3.5. Even for the 
microcellular model, the path loss exponent after the Fresnel zone clearance is larger, 
i.e. tj ~  3.5. The macrocellular model also suggests a further loss of around 20 dB. 
Hence for practical results we use a value of 101og10 L q — —38 dB and a path loss 
exponent of 2 for small cells and 3.5 for large cells.
2 . 7  C o n c l u s i o n s
In this chapter the basis for the analysis of GCMAC is presented, by reviewing the 
main theorems and results of multi-user information theory. The concept of BS co­
operation is also described as a means of eliminating inter-cell interference. Following 
this description the major models and the mathematical formulae that are used in
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the literature to find the capacity of GCMAC are analysed and their main limitations 
are identified. The mathematical basis for the work that will be presented in this 
thesis is then defined and the main difficulties in determining the sum-rate of GCMAC 
are identified, which lays the path for the work in the following chapters. Since BS- 
cooperation leads to non-harmful interference the concept of Rise-over-Thermal is also 
introduced as a parameter that controls the capacity of GCMAC with joint processing. 
Finally the path-loss model along with the main system parameters that are used in 
the rest of this thesis are presented.
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C h a p t e r
G e n e r i c  e x t e n s i o n s  t o  G C M A C  w i t h  j o i n t  
p r o c e s s i n g  a n d  s m a l l  s c a l e  f a d i n g
In this chapter the traditional Gaussian Cellular Multiple Access Channel (GCMAC) 
with small scale fading is extended. The first extension is the addition of multiple 
antennas at the cell-site receivers and the user terminals. A closed form formula for 
the capacity of the system in different fading environments is derived. In the second 
extension the crude assumption that all users are located at the centre of the cell is 
lifted by assuming that each cell-site receiver receives signals from five tiers of users. 
Each tier is considered to have a different path gain which corresponds to a specific 
path loss law.
The work in this chapter resulted in the following publications:
D. Kaltakis, E. Katranaras, M. A. Imran and C.Tzaras, ” Capacity of Cellular Uplink 
with Multiple Tiers of Users and Path Loss” , Fourth Advanced International Confer­
ence on Telecommunications, AICT ’08, pp. 287-292, Athens 8-13 June 2008.
D. Kaltakis. E. Katranaras, M. A. Imran and C. Tzaras, ” Information Theoretic Capac­
ity of a Gaussian Cellular Multiple-Access MIMO Fading Channel” , Communications, 
IET, Volume 3, Issue 7, July 2009, Page(s):1201 - 1207.
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3 . 1  I n t r o d u c t i o n
Capacity can be increased by exploiting the space dimension inherent to any wireless 
communication system. A possible solution would be to increase the density of the 
base stations, but this is not desirable due to economical and environmental aspects. 
Keeping that in mind, it is understandable that antenna arrays are the tools that enable 
spatial processing. On the other hand, the use of arrays at the user terminals had not 
been considered in the past due to size and cost issues. However, recent information 
theoretic results[35, 4] show that simultaneous use of multiple receive and multiple 
transmit antennas can offer a dramatic increase in capacity. Hence, the deployment 
of arrays at both base stations and terminals appears an attractive scenario for the 
evolution of mobile data access systems.
The large spectral efficiencies associated with MIMO channels are based on the idea of 
independent transmissions from each transmitting antenna to each receiving antenna 
that a rich scattering environment can provide (also known as multiplex gain). The 
maximum capacity increase requires independent channel gain entries in the full rank 
channel gain matrix. It also requires that these channel gains are perfectly known (or 
perfectly estimated) at the receiver end.
Asymptotic results on the sum capacity of MIMO Multiple Access Channels with the 
number of receive antennas and the number of transmitters increasing to infinity, for 
an isolated cell, were obtained by Telatar [12] and by Viswanath et al. [17]. The sum 
capacity with perfect Channel State Information available at the receiver (CSIR) was 
found to grow linearly with m in(n^a., K titx), with nRx denoting the number of receive 
antennas at the base station, K  being the number of users per cell, and nxx as the 
number of transmit antennas per user terminal. Thus, for systems with large number 
of users, increasing the number of receive antennas at the base station, while keeping 
the number of transmit antennas constant, can lead to linear growth.
A very interesting analysis for the MIMO MAC with perfect CSIR and Channel Distri­
bution Information available at the Transmitter (CDIT) was performed by Rhee and 
Cioffi in [19]. They state that for large K utx and for a Rayleigh channel model, the 
limiting capacity is a function of the receive antennas and the power per transmit an­
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tenna. In their work they conclude that even one transmit antenna per user terminal 
can achieve a spectral efficiency close to the limit as long as K  > 2nnx.
All this work has followed Wyner’s assumption that all users are co-located at the Base 
Station’s position. Letzepis in [34] modified the one-dimensional version of Wyner’s 
model to account for the free-space path loss. The optimum capacity is estimated 
by using the Shannon-transform of the Marcenko-Pastur law. To keep the problem 
tractable, all users are assumed to be collocated at the cell-site receiver’s position. The 
major contribution of the work is that it accounts for the interference caused not only 
from the two neighboring cells but from all cells in the system enabling the study of 
the effects of changing cell-density in the system.
Further work has also been reported on the analysis of the achievable capacity in 
Distributed Antenna Systems (DAS) from an information theoretic standpoint (see 
[44, 45] and references within).
There has not been reported any attempt to provide a closed form formula for Wyner’s 
and Somekh’s Shamai’s model, that accounts for multiple antennas at both the Base 
Stations and the user terminals. The first contribution of this chapter is an extension 
of this model that provides a closed form formula which enables the evaluation of 
the maximum per-cell capacity of a distributed antenna cellular system, with multiple 
antennas at the cell-site receivers and the user terminals in different fading environments 
under the notion of a hyper-rec.eiver.
Another limitation of the available literature, that tackles with this specific model is 
that there is usually the assumption of a single path loss factor for all users in each 
cell. In this chapter the model is also extended by assuming that there are at least 
two classes of users in each cell: users close to the BS and users close to the cell edge. 
As a result each cell-site receiver is receiving signals from 5 tiers of users. Each tier is 
delineated based on the users’ average distance from the center of the cell of interest. 
Each tier is considered to have a different path gain which corresponds to a specific 
path loss law.
The analytical results are also verified by Monte Carlo simulation. By incorporating 
some realistic system parameters the information theoretic capacity of a more practical
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system is presented.
3 . 2  O u t l i n e
This chapter is organized as follows. In section 3.3 the channel model, the main input 
versus output equation and the channel matrix, are defined. In section 3.4 the common 
framework used to derive the capacity closed form formulae for both extensions is 
presented. The first extension (multiple antennas at both Base Stations and User 
terminals) is performed in section 3.5. The cell capacity under any fading environment 
is found, based on the work presented in [46] for large random block circulant matrices. 
In section 3.5.1 the analytical and simulation results are presented and discussed. In 
section 3.5.2 the information theoretic capacity formula is applied to a more realistic 
system, with the system parameters being adjusted accordingly. The second extension 
(multiple tiers of users and path loss) is presented in section 3.6. This section contains 
the required modifications to the channel model along with the mathematical model. 
The analysis for the information theoretic capacity under any fading environment, based 
on the work presented in [3, 47, 48], is shown in section 3.6.1. The information theoretic 
results, with their interpretation for real-world systems, are presented in section 3.6.2. 
Finally, some conclusions are drawn in section 3.7.
3 . 3  C h a n n e l  d e f i n i t i o n
3.3.1 Channel Model
A Wyner-like [2] hexagonal cellular array model with N 2 cells and K  users in each cell 
is considered. The interference pattern follows the one proposed by Wyner in [2]. Thus 
a Base station (BS) at a cell receives signals from the transmitters in the six neighboring 
cells (Figure 2 .2). Each BS is considered to contain u r x un-correlated receive antennas 
of the same size. Each transmitter has nrx un-correlated transmit antennas of the same 
size.
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It is more practical to obtain a representation of the cellular system in terms of a rect­
angular array as the representation in Figure 2.2 is less tractable. This can be done [2] 
by scaling and rotating the structure in Figure 2 .2 . The points of the rectangular array 
are indexed by (ra, n) where ra and n  are the row and column numbers respectively.
The received signal at the BS of cell (ra, n) can be written as the sum of the received 
signals from the same-cell and neighboring-cell transmitters. Each transmitted signal 
is multiplied by the proper fading and path gain coefficients so as to obtain the re­
ceived signal. Thus, according to the above, the received signal at cell (ra, n ) can be 
mathematically expressed by:
y  i n ,  n  =  +  a  Y }  G fX j + z m ,nj (3.1)
where:
Gm>n is the channel gain matrix of the K  same-cell users, G*, i G T =  { ( ra + 1 , n), (ra — 
1 , n ), (ra, n + 1 ), (ra, n — 1 ), ( ra + 1 , n + 1 ), (m — 1 , n — 1 )} is the channel gain matrix of the 
neighboring-cell users (of the i th cell).Each of these matrices is a n Rx x K n Px matrix. 
The n f 1 row of each matrix represents the fading observed between the respective BS 
antenna and all the users’ antennas. It is assumed that the entries of the matrices 
(fading coefficients) when viewed as random complex processes are i.i.d. Gaussian, 
strictly stationary (their probability distribution does not change over time) and ergodic 
(all states are equiprobable over a long period of time) which essentially means that 
there is independent flat fading channels between the antennas. All the entries are 
normalized to unit power. Their mean value is defined as:
m 9  4  E [5S:1n>J  =  e x p ( j 0 ^ )fc), (3.2)
with 4>dJ  k being the received phase for user’s k Tx antenna in cell (ra, n) =  (in, n) U T 
and k, is the ratio of the LoS and NLoS components (Rician factor), k, —> oo refers 
to AWGN environment while k -4 0 refers to Rayleigh fading environment. All other 
values of k refer to a Rician fading environment [13]. k is the phase of the received 
signal on the specular (LoS) path and it is assumed to be uniformly distributed over 
( 0 ,2 t t ) .
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is the K i i t x x  1 transmit vector of the users in cell (m, ri). A power constraint, 
E [(xjfli4)fc)2] ^  P , is considered for each user. The power is equally divided among 
each user’s nrx antennas.
y i is the riRx x 1 received signal vector at cell rh, h.
zi is the ?ir x x 1 received noise vector at cell rh, h. The noise vector is considered to
have independent circularly symmetric complex Gaussian entries each normalized to 
unit power.
a  € [0,1] represents the attenuation of the neighboring cell signals when received at 
cell-site (772, 71).
3.3.2 Channel Matrix
The output vector of the system can be written in the form:
y =  H x +  z, (3.3)
where:
y =  [(yi,i)r , "  • 1 (yN,N)'] ]T is the N 2r iR x x 1 received signals vector,
x  =  [(xi^)7", • • • , (x n jn )t ]t  is the concatenation of all the transmitted signals in the
system (N 2K n rx x 1 vector) and
z =  [(zitl)T, ■ ■ • , ( z n , n ) T ] T  is the N 2u r x x  1  noise vector.
3 . 4  C e l l  C a p a c i t y
Applying the theorems proved in [3] to the model described above it can be easily shown 
that for a large number of users per cell the maximal achievable per-cell capacity is 
reached when all users are allowed to transmit all the time at their maximum power 
(reported as the WB scheme in [3]). Using Jensen’s inequality and considering a large 
number of users, a tight upper bound on the maximum reliable uplink sum capacity 
can be found [3], and it is given by:
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C (a , P, n r) =  ^lim^ log det E[A], (3.4)
where expectation is taken over all random fading A realizations and A is the normal­
ized covariance matrix of the output vector, and is given by:
A  =  ~ +  *N2nRx xN2nnx (3 -5 )
n Tx
Thus, to find the maximum capacity in (3.4) it is obvious that the expectation of A 
needs to be evaluated. From (3.5) we have that the A matrix is consisted of N 2 x N 2 
blocks of the nr x nr product H jH t, where the j, j '  can take values from the set 
£  == (m , n )  U X.
The expectation of the product of a complex fading coefficient with its complex conju­
gate, is equal to unity as the fading coefficients are assumed normalized to unit power. 
Furthermore the expectation of the product of a complex fading coefficient with the 
conjugate of a different one, following the same distribution, is equal to its expected 
value squared.
In order to explain more clearly the derivation of the expectation of A that will be used 
for the rest of this chapter first let us define the two dimensional index:
n =  (u, v) (3.6)
The difference between two indices of the form given in (3.6) is defined as:
ni -  n2 =  (ui - u 2 , v i -  v2) (3.7)
As we are considering a planar cellular system, the cells need to be indexed using two 
dimensional indices of the form given in (3.6). For the formation of an uplink channel 
matrix, a single index is more convenient to map each row of the channel matrix to 
one and only one cell receiver in the system. A raster scan is used to form a one-to-one
mapping of the two dimensional indices (m, n) to the row indices c:
nc f t  (m, n), c  —  1 • • - N 2 , m  =  1 • • • N ,  n  =  1 ■ ■ ■ N  (3.8)
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(5,1) (5,2) (5,3) (5,4) (5,5)
n2i ri22 n i8 itm r^s
• = -   •  ►  •
~ "NJ) " " (M ) (4*5)
ni6 n u  " " f t ' 19^ nig n2o
(3TTr"~~M <~” ~~ 1*4) (3*5)
nu  ni2 " " " f t ' 13^ ni4 nis
(2?TP "" S ' ” ~ ~ W ) ~ “ (2*4) (2*5)
n6 n7 " " " - f t . a ^  ng nio
(iTl) (1*2) 03 ) ~ ~ ~ (*4) ( *5)
ni n2 n3 m ns
Figure 3.1: [Raster Scan] Mapping (assigning) the 2D indices to the row indices c used 
as the subscript of n c for an example of a 5x5 system
Figure 3.1 illustrates this mapping for an example network comprising 25 cells with 5 
cells in each dimension.
When we multiply the channel matrix with its complex conjugate transpose (in order 
to find the covariance), each entry of the resulting matrix depends on the row (corre­
sponding to a specific cell) in the channel matrix that is multiplied with the column 
(corresponding to another specific cell) in the conjugate matrix. The covariance of 
received vectors depends on the difference between the 2D indices defined as above. 
Thus each entry at position (i , j )  of the resulting matrix is a function of the difference 
between the 2D index of the j th column of the matrix and the 2D index of the ith 
row of the H  matrix.
Here we have to note that for both extensions analysed in this chapter, E[A], is a block 
circulant matrix. The type of the blocks is different and this is why different analysis 
is required. The common framework used to derive the closed form formulae for both 
extensions is presented in the following section.
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3 . 5  E x t e n s i o n  t o  G C M A C  w i t h  s m a l l  s c a l e  f a d i n g - M I M O
Based on the general framework presented in section 3.4, the overall channel matrix H  
is a N 2t i r x x N 2K t i t x block circulant matrix with u r x x K t i tx blocks and has its first 
row H[4] given by:
Hi)
N - 2
Gm,n «G m>n+i 0 • • • 0 Q:Gm+i )n a G m+i)n+i
IV2—27V—3 TV—2
0 - 0  Q :G m _ i )n_ i  a iG m _]i)7X 0  • • • 0  t t G m )n_ i
Furthermore the expectation of the product G jG t, is given by:
With:
nTxK 3 , j  =
E[GsGt,] =  .
nTxK0Jl,j ft j '
i  1m g |2 . . .
[(N_©1
J.
3 4
l^ s l2 1 b%l2
Wg?  1Trig j2 . . . i
CNS?o-
I___ m g |2 . . . to
 
__
_i
<11a K l 2
m g |2 . . . K l 2
l™ 5 |2 3 t
o
W 2_
(3.12)
with mg given by (3.2).
Considering the above, using (3.10) and substituting in (3.5) the H  matrix defined in
(3.9)
(3.10)
(3.11)
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(3.9), the expectation of A consists of the following nRx x nRx blocks:
InRx xnRx +  7( 1 +  6 a 2p  (£, t)
g2a(l + a)93T 
R (r,t) = E[A] =  < 7 2a2m
(r, t) e  S 0
(?', t) E <Si (3.13)
(ij t ) E S 2
0 otherwise
where (r, t) is defined as a function of nj  — rij =  (r, t), 7  =  K P  is the cell’s total SNR 
and finally the sets So, <Si, S 2 are defined as:
We have to note that equation (3.13) gives a compact description of the non-zero entries 
of the covariance matrix in terms of their value and position.
The asymptotic expression for the maximum capacity can be found by applying the 
two dimensional extension of Szego’s theorem [47, 48] to (3.4). In this case, however, 
the matrix is a block circulant matrix and Szego’s theorem cannot be directly applied. 
However, using the results in [46] the block circulant matrix in (3.13) can be transformed 
to an equivalent matrix, such that it has the same eigenvalues (equivalence from an 
eigenvalue point of view), thus allowing us to obtain an asymptotic expression of the 
maximum capacity for any finite number of users K.
We consider the associated matrix:
S o  4  { ( - 1 ,  - 1 ) ,  (0 , - 1 ) ,  ( 1 ,0 ) ,  ( 1 ,1 ) .  ( 0 ,1 ) ,  ( - 1 , 0 ) }
5 !  4  { ( 1 ,2 ) ,  ( 2 ,1 ) ,  (1 , - 1 ) ,  ( - 1 ,  - 2 ) ,  ( - 2 ,  - 1 ) ,  ( - 1 , 1 ) }  
S 2 4  { ( 0 ,2 ) ,  ( 2 ,2 ) ,  (2 , 0 ) , (0 , - 2 ) ,  ( - 2 ,  - 2 ) ,  ( - 2 , 0 ) } (3.14)
T f r 1’1) T { rli2) . . .  T ( r J,nr)
T(+2,1) T ( r2,2) . . .  T (r2,nr)
B /  = (3.15)
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where T ( ru,v) are the N 2 x N 2 matrices:
/
1 + 7 ( 1  +  6a 2) (t,t)
7 2 a ( l  +  a) |?n2| (r,t) 6 <S0
T  (Tu'u(r,t)) =  <
7 2 a 2 jra2 
7  a 2 
0
(r, t) € u  =  v
(r, t) € <S2 
otherwise
(3.16)
7 ( 1  +  6a 2) \rn2\ (£,£)
7 2 a ( l  +  a) \m2\ (r,t) € So
7 2 a 2 | r a 2 | 
7 a 2 
0
(r, t) & S \  u f t v  
{r, t ) e  <S2 
otherwise
Now, taking the two dimensional Fourier transform of each T ( ru,w) we can find the 
asymptotically equivalent matrix of the matrix in (3.13). This is the circulant urx x tirx 
matrix:
' r i  B . . .  B
R'(f?i,02)
B B . . .  A
(3.17)
where:
and
A  — 1 +  7  [ ( l  +  6a 2) ( l  — +
+ |ro2|(l +  2a.F((91,02))2]
B  =  7  |m 2 | ( 1  +  2 a F ( 0 i , f l 2 ) ) 2 
F (^ 1 , ^2) =  COs(27T(9i) +  cos(27T02) +  cos(27r(0i +  62)) ,
(3.18)
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where 6\ , 02 are the variables representing the two dimensions of the transformed do­
main.
Starting from (3.4) and applying theorem 3 of [46] we can find a closed form for the 
uplink capacity of a MIMO cellular system.
C (a ,P ,n r) = log detE[A\ = Y  log(As(R ') )d M 02 (3.19)
C (a , P , nr) =  [log(+ +  (nr — 1 )B) + (nr -  1) log(+ -  B)} d0id02 (3.20)
3.5.1 Results and Discussion
In this section we will present and discuss some interesting results that are yielded by 
plotting (3.20) versus various parameters. Figure 3.2 shows the upper (mg — 0) and the 
lower bounds (mg =  1 ) of the capacity as RoT (the ratio of aggregate received signal 
power to the additive white Gaussian noise at the receiver) increases. The upper bound 
capacity gain becomes large, even for two antennas at each BS (when compared to the 
capacity provided by the simple Wyner model) . The same is not true for the lower 
bound where the capacity gain is very small in comparison. This can be explained by 
the fact that for m g =  1 more antennas at the BS do not increase the rank of the channel 
matrix while the opposite is true when zero-mean is considered. The increased rank of 
the channel matrix in the latter environment yields an increased multi-user diversity 
effect that explains the large capacity gain. Figure 3.3 illustrates the transition from 
the lower bound to the upper bound capacity via the mean axis for 2, 4 and 8 antennas 
at each BS. From this figure it is obvious that at the upper bound we experience a 
linear increase in capacity versus the number of antennas at each BS. At the lower 
bound, increasing the number of antennas offers a very small gain in capacity.
In real systems there is no way of synchronizing the phases in the uplink. This actually 
means that the 4jh,n,k are normally distributed random variables which, in turn means 
that the rng parameter in most real systems is zero and thus it is safe to claim that in 
real systems the capacity is at the upper bound shown in Figures 3.2, 3.3.
where As (Ry ) are the eigenvalues of the R ^  matrix in (3.17). These eigenvalues can 
be easily found and thus (3.19) yields:
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Figure 3.2: Capacity versus Rise over Thermal (RoT) 
in environments with different mean values for the fading for two antennas at each 
BS, a  =  0.1. Capacity of Wyner model(AWGN environment, one antenna at each BS) 
is also plotted for comparison. The simulation points obtained by Monte Carlo are
also plotted.
page 50
Ch a pter  3: G eneric  extensions to  G C M AC w ith  joint processing  and
SMALL SCALE FADING
9 0  
8 0  
7 0  
6 0  
I 5 0
4 0  
3 0  
2 0  
1 0
£
0 0 . 2 0 . 4  0 .6
m e a n  v a lu e  o f  fa d in g
0 .8
Figure 3.3: Capacity versus mean value of fading for different number of antennas 
( a  =  0 .1 )
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The circle-points in figure 3.2 are obtained by simulation. For the simulation, the users 
were assumed to be co-located at the BSs positions according to the description in 
section 2 . Two antennas were assumed at each BS while each User Terminal (UT) was 
equipped with one antenna. We also generated several random fading matrices, G. 
Each entry of these matrices is a complex, normally distributed random variable with 
both real and imaginary parts having zero mean and a standard deviation of l / \ / 2 . 
The above were used to obtain the channel gain matrix H. The capacity was then 
calculated using E[logdet(I +  + H H 1)] for a given value of P  (normalised SNR). As it 
is illustrated in figure 3.2 the simulation results obtained coincide with the theoretical 
results.
3.5.2 R esu lts for p ractica l system s
In this section we present the theoretical results for the capacity of the MIMO system 
when adjusting various parameters in order to meet the requirements of a practical sys­
tem. For the results plotted here for practical systems, and according to the analysis 
done in [43] for the COST-231 macro-cell and the PCS micro-cell models, the following 
parameters were considered:
• Random phase fading environment
• Power loss at reference distance: Lq =  10 -38/ 10
• Distance between adjacent Base Stations: D =  6 Km
• Received power from adjacent cells follows a distance dependent power law loss 
with path loss parameter 3.5:
—  \ / £ q
a ~  ( I  +  £ ) 3-5/ 2
• Users per cell: K =  20
• Per user power ranges between 100 and 200 mW
• Carrier frequency 2 GHz and channel bandwidth: B =  5MHz
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Figure 3.4: Per-cell capacity versus Rise-over-Thermal for a planar cellular system. 
Distance between neighboring Base Stations 6 Km, path loss factor 3.5, 20 users
per-cell.
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Figure 3.5: A cell represented as a cluster of seven hexagonal subcells.
The boundary of the cell can be represented by an equivalent Hexagon, whose sides 
can be calculated using simple geometrical facts.
In Figure 3.4 we observe linear increase versus dB RoT in the per-cell capacity. It is 
noted that the variation in RoT is due to the variation of the user power (ranges from 
lOOmW to 200mW).
3 . 6  E x t e n s i o n  t o  G C M A C  w i t h  s m a l l  s c a l e  f a d i n g  -  M u l ­
t i p l e  T i e r s  o f  U s e r s  a n d  P a t h  L o s s
We consider the following modifications to the channel model described in section 
3.3. Each cell (an approximate hexagon in shape, see Figure 3.5) is considered to be 
composed of 7 hexagonal subcells. The Base Stations (BSs) are positioned at the center 
of each cell (centre of central subcell) with tirx =  1 . Each sub-cell contains K  — K /7  
users placed at its center and nrx =  1 . The interference pattern follows again the one 
proposed by Wyner in [2] and each subcell has a specific distance dependent interference 
factor (see Figure 3.6). Thus each BS receives signals from the user-transmitters in 
the six neighboring cells (i.e. 42 subcells), each one multiplied by a fading coefficient 
(random variable) and the path gain corresponding to the specific sub-cell that the 
transmitter belongs to.
In order to write the output at a BS receiver of cell (m, n) the 7 sub-cells are numbered
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Figure 3.6: System model with 5 tiers, each having a different interference factor. 
Central cell (cluster of 7 hexagons) and its six surrounding neighbors are shown. The 
last tier is incomplete as it only includes the subcells of the six neighbours of the
central cell.
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Figure 3.7: Fully-Indexed cell along with, its six surrounding neighbors.
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from 0 to 6. By following an interference pattern, the resulting indexed system (with 
sub-cell indices of two cells shown, other subcells are numbered similarly) is shown in 
Figure 3.7. The received signal at the BS of cell (?n, n ) can be written as the sum of the 
received signals from the same-cell and neighboring-cell transmitters. Each transmitted 
signal is multiplied by the fading and path gain attenuation coefficients so as to obtain 
the received signal. The received signal at cell (?n, n) can be mathematically expressed
where X dld k =  X J ^ l kglh A k, rh, n may also represent the neighbour cell indices with 
offsets. In (3.21), g ^ a y  llie fading coefficient (also defined in section 3.3) correspond-
Each X f  d k is the complex Gaussian input corresponding to transmitter k at sub-cell 
i of cell (rh, n) . A power constraint is considered for each input, E [ (A 7 ,Q 2] < P . 
Ympi is the complex Gaussian output at cell (in, n) and Zm>n is the noise at cell (m,n), 
normalized to unit power .
In order to represent the channel matrix H , see (3.3), in a compact form, some defi­
nitions are needed. First a N 2 x 1  column vector e* is defined with its Ith component
by:
K I< 6
k= 1 fc=l £=1
ing to transmitter k of cell (rh, h ) . The index i refers to the sub-cell the transmitter is 
located in.
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one and all other components zero. Then a block circulant matrix A  with N 2 rows is 
defined with its first row, Apj, given by (3.22) and it’s j ih row , Am, by (3.23):
11]
N- 2 N2 —2N—3 N -2
Qo 05 0 • • • 0 a 3 a 4 0 • • • 0 OLi qiq 0 • • • 0 cx.2
Am =  A rflC ^-1, ] = !■■■ ,N<
(3.22)
(3.23)1i] =
where C =  [e^a, ei, - • ■ , eAr2„ 1] is a right-circular-shift matrix and the elements of Am 
in (3.22) are 1 x 7  row vectors defined as:
a o =  [1 <*i « i  o il ct:i a i  Ofi] 
otj =  [a3 a ^ G ’-1] for j  G {1,2,3,4,5,6} 
with otx =  [a4 a 3 a 2 a 2 a 3 a 4]
0 =  [0 0 0 0 0 0 0], (3.24)
where C x =  [e6, e4, • • ■ , eg] is the corresponding right-circular-shift matrix. Using 
definitions (3.22), (3.23) and (3.24) the H  matrix is given by:
(3.25)
where G is the N 2 x 7N 2K  fading matrix that contains all fading coefficients g ^ n k '  
<g> is the Kronecker product and © represents the Hadamard multiplication.
3 . 6 . 1  C e l l  C a p a c i t y  A n a l y s i s
The tight upper bound (see (3.4)) on the maximum reliable uplink sum capacity is 
given by:
<7 (0:1 , 0:2, a 3, a 4, P ) =  Jim  log det E[A] (3.26)
where expectation is taken over all random fading realizations and A is the normalized 
covariance matrix (see (3.5)) of the output vector:
A = PGG^ -t- I772x772 (3.27)
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Considering the above, using the H  matrix in (3.25) and substituting in (3.27), the 
expectation of A is:
R ( r  = E[A] = <
1 +  7  B (t,t)
7^ \mg\2 (r,t) G So
7 A |m 9|2 (r,t) © Si
7© \mg\2 M ) G S2
0 otherwise
(3.28)
(3.29)
B  =  1 +  6a? +  1 2 a? + 18a? +  12  a?
F  =  2 « 3  +  2 a |  4 -  4 a i ( a 2 +  ct'3 +  0 :4)  +  2 a ? +
+  2 a? +  4a2a 3 +  4a 3a 4 
A =  2a? +  4a 2<23 +  4a2a 4 +  40:30:4 
0  =  3a2 +  4a2a 4
where (r, t) is the difference between the cell indices , 7  — 7 / 7  , 7  =  ATP and the sets 
So ,S i,S 2 are defined as in (3.14):
5 0  =  { ( - 1 ,  - 1 ) ,  (0 , - 1 ) ,  ( 1 ,0 ) ,  ( 1 ,1 ) ,  ( 0 ,1 ) ,  ( - 1 , 0 ) }
5 1  A  { ( 1 ,2 ) ,  ( 2 ,1 ) ,  (1 , - 1 ) ,  ( - 1 ,  - 2 ) ,  ( - 2 ,  - 1 ) ,  ( - 1 , 1 ) }
5 2 4  {(0, 2), (2 , 2 ), (2 , 0), (0, - 2), (-2 , - 2), ( - 2 , 0)} (3.30)
The asymptotic expression for the maximum capacity can be found by applying the 
two dimensional extension of Szego’s theorem [47, 48] to (3.26):
1C7(ori, a2,a 3,a 4) =  lim —  logdetE[A]
TVfe-OO 1\Z
= ff log (-M01, ) MidOi (3.31)
Jo Jo
where §?y(0i,02) is the two-dimensional Fourier transform of R  given in (3.28):
# y ( 0 i , 0 2 ) =  E  R (r ,t) (m >n ) e - j27r9ime “ l2lr92n
m ,n=0
(3.32)
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Figure 3.8: Hexagons representing all tiers of interference and the triangles used to find 
each hexagon’s side.
where j  = fi—l, m, n are dummy variables. Thus the per-cell capacity for this model 
is given by:
C ( a i ,  a 2 ,c*3»014)  =  J  J  log l+ 7 H + 7 |ra y |2 ^2r^cos(27r6]i+27r02)+cos(27r^i)+cos(27r02)^ +
+  A ^2 cos(47r#i +  21x62) +  2 cos(27r#i +  4ix9i) +  cos(27r6h — 271^2)^ +
+  2 0 ^cos(47r^i +  47T02) +  cos(47T0i) +  2cos(27r02)^ d9id92 (3.33)
To incorporate path loss in this model a representative distance for users in each tier is 
evaluated and mapped to a path loss using a specific path loss model. To do this, the 
hexagonal boundaries of the tiers are delineated as shown in Figure 3.8. The irregular 
boundary of each tier can be represented by a regular hexagon, as the average distance
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Figure 3.9: Geometrical representation of the method followed to find the average 
distance of the points on the boundary of each tier
between the center of the cell of interest and the points on the perimeter of both 
shapes is the same. Assume that the side of each subcell hexagon is tq. The side of the 
hexagonal boundary of each tier, 77, can be found using the geometry of the shape and 
is given by the following general formula (using phasor notation)
77 =  r0 11 + £ -M e-J7r/31 (3.34)
where | • | represents the magnitude of a complex phasor. It is easy to show (see Figure 
3.9) that the average distance from the center of a regular hexagon (with its side 77) to 
each point on its perimeter is given by:
dl =  -  f 6 cos ( ©  d6 (3.35)7T Jo COS 6 \  6 /
Using this equation, the average distance of the points on the boundary of each tier 
can be found. The mean of the “average distance of points” on the inner and the outer 
boundary of the tier is used to find the representative distance for the Ith tier, i.e. d) ~  
(di +  di+i)/2. Using the widely used modified path loss model, the representative 
distance d( of the Ith tier is mapped to a path loss factor cq [34]:
at = (1 +  di) 71/2 (3.36)
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Table 3.1: Path gain tiers and their respective average distance from the central BS.
Tier Representative distance
Central sub-cell d0 =  0.9085/2
1 st tier (cki) di =  (2.4038+  0.9085)/2
2nd tier (a2) J2 =  (3.9603 +  2.4308)/2
3rd tier (0:3) J3 =  (5.5265 +  3.9603)/2
4th tier (0:4) J4  =  (7.0960+ 5.5265)/2
where di is the normalized representative distance (w.r.t. a reference distance) and 
2 < g < 4 is the path loss factor (see table 3.1).
3 . 6 . 2  R e s u l t s  a n d  D i s c u s s i o n
The following figures illustrate some interesting results for the per-cell capacity of the 
model presented in this section. Figure 3.10 shows the lower and upper bounds of the 
capacity in our model. The lower bound capacity (perfectly synchronized phases of the 
received signals and thus mean equal to one) decays slowly with the path loss factor. 
The upper bound capacity (more realistically modelled independent and uniformly 
distributed phases of the received signals and thus mean equal to zero) tends to the 
lower bound as the path loss factor grows. For the lower bound the capacity loss 
between path loss factors 2 and 4 is only 0.43 bps/Hz. For the upper bound the 
corresponding capacity loss is 1.43 bps/Hz. This happens due to the fact that the same 
user is received by a smaller number of BS antennas when the path loss factor is higher 
(limited multi-user diversity effect [8]).
In Figure 3.11 the per-cell capacities vs. Rise over Thermal (defined as the total received 
power-desired and interference-over the thermal noise power at each BS receiver.) are 
plotted for both Wyner and the lower bound of the proposed model. There has to 
be mentioned that Wyner’s capacity can be related to the lower bound of the model 
analysed here due to the fact that in his work he assumed a real channel model (mean 
value equal to one). The gap observed between our lower bound and Wyner’s capacity 
is due to the fact that in his work [2], Wyner, assumed unit path gain for all users in
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the cell of interest while in this study only a fraction of the users are assumed to have 
unit gain. The other users’ path gains are following the path loss law. Nevertheless in 
Figure 3.11 the lower bound capacity of the proposed model considering unit gain for 
all users in the cell of interest is also plotted. It coincides perfectly with Wyner’s result 
for the 2D cellular array. To compare the two models the a. factor in Wyner’s model is 
considered to be the average of the a  factors of the neighboring cells in the proposed 
model: «w yner <$■ [«2 -f <23 +  0:4]/3.
The circle-points in figures 3.10 and 3.11 are obtained by simulation. For the simulation, 
the users were assumed to be located on a deterministic grid according to the system 
model described in section 3.6. Then their distances from each Base Station were 
calculated and they were assigned path loss factors according to (3.36). Several random 
fading matrices, G were also generated. Each entry of these matrices is a complex, 
normally distributed random variable with both real and imaginary parts having zero 
mean and a standard deviation of l / \ /2 . The above were used to obtain the channel gain 
matrix G using (3.25). Then the maximum capacity was calculated using E[logdet(I + 
P H H 1)] for a given value of P  (normalised SNR). As it is illustrated in figures 3.10 
and 3.11 the simulation results obtained coincide with the theoretical results.
The information theoretic capacity is also calculated for a real-world scenario. Consider 
a scenario [43] where cells have a radii of 1km and the path loss at a reference distance 
of lm  is -38 dB (for a carrier frequency of 1.9 GHz) and the path loss exponent is 2. 
The system has 21 UTs per cell with transmit power constraint of 100-200 mW and 
thermal noise density of -169 dBm/Hz with channel bandwidth of 5MHz. Random 
received phases are assumed to plot the capacity in Fig. 3.12 for a real-world scenario.
3 . 7  C o n c l u s i o n s
In this chapter, the single antenna Gaussian Cellular Multiple Access Channel (GC­
MAC) model initially proposed by Wyner and later extended by Somekli and Shamai 
to account for multi-path fading, is extended twofold. The first extension is done by 
adding multiple antennas at the cell-site receivers and the user terminals. Since the
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C a p a c i t y  v e r s u s  p a t h  l o s s  f a c t o r ,  p e r  c e l l  S N R = 2 0 d B
A
Figure 3.10: Per-cell capacity vs. path loss exponent 
in deterministic (AWGN with constant received phase) environment (lower bound) 
and Rayleigh fading environment (upper bound). A T = 20dB.
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Rise over Thermal (RoT) in dB
Figure 3.11: Per-cell capacity vs. cell RoT for the proposed planar system model and 
comparison with the corresponding Wyner’s model.
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Capacity versus RoT for proposed model
Figure 3.12: Real-world System Per-cell capacity (upperbound) vs. RoT
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resulting channel matrix is a block circulant matrix with non-circulant blocks, the the­
orems proved by Somekh, Shamai in [3] cannot be directly applied. Hence, the results 
presented by Gazzah et.al. in [46] to transform the channel’s output covariance ma­
trix to an equivalent matrix for which the calculation of eigenvalues is possible, were 
utilised. Using Szego’s theorem we then provide a closed form expression for the infor­
mation theoretic capacity limit of a distributed cellular system with multiple antennas 
at the cell-site receivers and user terminals. The results show that the capacity limit 
depends on the number of antennas at the Base Station and the power per transmit 
antenna. Since there are many cellular transmitters, each transmitter only needs one 
(rather than multiple) antennas in order to achieve full capacity.
Another interesting insight of the results is the large difference between the lower and 
upper bounds of achievable rates (corresponding to AWGN and Rayleigh fading re­
spectively). This difference becomes more significant by adding more antennas at the 
receiver (9.2 bps/Hz/cell capacity difference for two antennas at each BS versus 63.5 
bps/Hz/cell for 8 antennas at each BS). Doubling the number of receive antennas while 
operating at the lower bound offers a 1 bps/Hz/cell capacity improvement. On the 
other hand if we are operating at the upper bound the capacity increases linearly with 
the number of receive antennas. This is due to the decreased rank of the channel matrix 
when random phase is not present (synchronized phases at the receiver end).
The second extension to the planar Gaussian Cellular Multi Access Channel (GCMAC) 
with small scale fading model is done by using a more realistic distance-dependent path 
loss factor. The users with similar distance from the base station of interest are grouped 
in tiers of interference and their path loss is approximated using the average distance of 
the users from the base station of interest. It should be noted that the average path-loss 
is approximated using the average distance to simplify the analysis here. The capacity 
of the cellular system is then formulated for fading environments with different mean. 
It is found that the adjacent channel interference is quite accurately modelled by the 
single alpha factor but assuming same path loss within the cell of interest gives a loose 
upper bound in Wyner’s model. It is also observed that the capacity is significantly 
higher in zero mean fading environments when path loss exponent is small. This is 
due to the fact that with a small path loss exponent, the transmission of any user is
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effectively ’’heard” by multiple base station receivers and joint decoding of the multiple 
received copies increases the capacity. The analytical results are verified by Monte-Carlo 
simulations and it has also been demonstrated that the proposed model boils down to 
original Wyner’s model with appropriate substitutions of the model parameters.
By incorporating some real-world system parameters in our model and appropriately 
de-normalizing them, the per-cell capacity of more practical systems was found for both 
extensions analysed in this chapter.
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C a p a c i t y  o f  C G M A C  w i t h  j o i n t  
p r o c e s s i n g ,  s m a l l  a n d  l a r g e  s c a l e  f a d i n g
This chapter contains the introduction of a model and the corresponding mathematical 
analysis that enables the derivation of a closed form formula for the capacity of a cellular 
system, with distributed users, in which each UT experiences distance dependent path 
loss, fast and shadow fading. This chapter also contains mathematical and simulation 
results on how the correlation of the shadowing component affects the capacity of a 
system employing global Base Station co-operation.
The work in this chapter resulted in the following publications:
D. Kaltakis, M. A. Imran and C. Tzaras, ”Information Theoretic Capacity of Cellular 
Multiple Access Channel with Shadow Fading”, to appear in IEEE Transactions in 
Communications, in press.
D. Kaltakis, M. A. Imran and C.Tzaras, ” Uplink capacity of variable-density cellular 
system with distributed users and fading”, IEEE 19th International Symposium on 
Personal Indoor and Mobile Radio Communications, PIMRC ’08, pp. 1-5, Cannes 
15-18 September 2008.
D. Kaltakis, M. A. Imran and R. Hoshyar, ” Uplink Capacity with Correlated Lognormal 
Shadow Fading” , IEEE 69th Vehicular Technology Conference, VTC Spring ’09, pp.
1-5, Barcelona 26-29 April 2009.
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4 . 1  I n t r o d u c t i o n
In section 3.5 the optimum capacity is found , employing a Wyner-like two dimensional 
model, under the assumption that each cell-site receiver is receiving signals from 5 
tiers of users. Each tier is delineated based on the users’ average distance from the 
center of the cell of interest. Each tier is considered to have a different path gain 
which corresponds to a specific power law path loss. This tier-based approximation 
of the distance-dependent patli-loss provided a good insight into how the capacity is 
affected if one removes the crude assumption that all users in a cell experience the same 
attenuation.
One could obtain results even closer to reality if the users were considered to be dis­
tributed in the planar system and a different path attenuation coefficient was assigned 
to each one of them according to their distance from the Base Station (BS) of interest.
Up till now, no attempt to incorporate shadow fading into Wyner’s model has been 
reported. There are many results on the capacity of conventional wireless systems 
with shadow fading [49],[50]. In [1 1 ] the authors derive the Shannon capacity of a 
single-link channel under the effect of log-normal fading. The capacity is a function 
of the probability distribution function of the received signal-to-noise-ratio (SNR). Tse 
and Hanly in [51] derive the single-user delay-limited capacity with shadow fading. 
There have also been attempts to characterize the ergodic capacity of composite matrix 
channel models under the effect of large and small-scale fading (see [52] and references 
therein).
There has not also been reported any attempts to incorporate shadowing correlation 
in a cellular system employing full Base station co-operation. The authors in [53],[54] 
present shadowing and log-normal fading correlation models and derive capacity results 
for conventional wireless systems under correlated shadowing.
In this chapter a model is provided which can be used to evaluate the uplink capacity of 
a cellular system employing realistic system parameters, under the notion of a hyper­
receiver. This model enabled the derivation of a closed-form formula for the uplink 
capacity of a cellular system in which each transmitted signal experiences a distance-
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dependent path loss, fast fading and shadow fading. Using this formula the effects 
that increasing cell radius and increasing the standard deviation of the shadowing 
component have on the capacity of the system are studied and analysed. The impact 
of adding multiple antennas at both Base Stations and user terminals on the capacity is 
also analysed. The model is completed by studying the effect of shadowing correlation 
on the capacity of such a system. Both BS and User Terminal (UT) correlation are 
being accounted for. A Monte Carlo simulator is also built using distance dependent 
shadowing correlation estimation models and realistic system parameters in order to 
properly verify the theoretical analysis.
4 . 2  O u t l i n e
This chapter is organized as follows: In section 4.3 the channel model is defined. This 
definition includes the input-output equation and the distance dependent path loss 
along with the realistic system parameters that are incorporated in the model. The 
small-scale and large-scale fading models that are employed for the derivation of the 
results are also defined. In section 4.4 the mathematical model is presented and the 
closed form formula for the capacity of the system is derived. In section 4.5 the effect 
of multiple antennas on both Base Stations and user terminals is studied. In section 
4.6 it is mathematically proved that correlation of the shadowing component should 
not have any impact on the capacity of the system under global BS co-operation. In 
section 4.7 a system simulator that incorporates realistic distance dependent estimators 
for UT and BS correlation is implemented In section 4.8 the system capacity results 
with and without correlation are presented and discussed. Finally in section 4.9 some 
conclusions are drawn.
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4 . 3  C h a n n e l  M o d e l
4 . 3 . 1  I n p u t - O u t p u t  E q u a t i o n
As before, a Wyner-like [2] hexagonal cellular array model with N  cells and K  uniformly 
distributed users in each cell is considered. A BS in a cell will receive signals from all 
the users in the system.
It is more practical to obtain a representation of the cellular system in terms of a 
rectangular array, since the representation in Figure 2.2 is less tractable. This can be 
achieved [2] by scaling and rotating the structure in Figure 2 .2 . The points of the 
rectangular array are indexed by (m, n) G S  = j ( l ,  1 ) ... (VN , \ /N )  j  where rn and n 
are the number of the rows and columns respectively.
According to the above, the received signal at the base station’s antenna referring to 
cell (m, n) is the sum of the transmitted signals, with each one being multiplied by the 
corresponding path gain and fading coefficients. Hence, the received signal in a cell 
(m, n) is given by:
K IC
Vm,n = ‘ 9m,n,k ' *771,71,*] +  ^ 0  [< 71,71,* * 9m,n,k ' *771,71,*] zm,n (4-1)
*=1 ro,n *=1
where subscript (m, n) identifies the cell in which a user is located and k represents 
the user index. Subscript (m, #) G {<S \  (m,n)}  represents the set of all base stations 
excluding the one indexed by (m, n). Furthermore, tj),g,x,y,z stand for the path gain 
coefficients, fading coefficients, complex Gaussian inputs, complex Gaussian outputs 
and normalized (unit power) noise respectively. A power constraint is also considered 
for each input, E[(,Tm)Tli&)2] < P.
4 . 3 . 2  F a d i n g  M o d e l
In order to describe a fading coefficient the following equation [13] is considered:
(4.2)
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where k  is the ratio of the Line-of Sight (LoS) and non-Line-of-Sight (NLoS) components 
and 9 is the phase of the received signal. The fading coefficient is assumed to be 
normalized with respect to unit power. In this model, k, —> oo corresponds to the case 
where all power is concentrated in the specular path. Whereas k 0 corresponds to 
the most severe fading i.e. Rayleigh fading with no specular component. Note that this 
model is valid even for a wideband system if the bandwidth is sufficiently divided such 
that the fading can be considered to be flat in each division [3, 13, 7].
Since a cellular system with distributed users is assumed, the transmitted signals can­
not be synchronized with respect to the phase from the receiver’s point of view. This, 
in fact, means that the signals are received with random, independent, normally dis­
tributed phase offsets.
For the capacity analysis that will be presented later in this chapter, the expected 
value of the product of two fading coefficients will be needed. As explained in chapter 
2 section 5 since the received signals have random phase offsets, the mean value of the 
product of two independent fading realisations is zero for Rayleigh (k —> 0) as well 
as for Rician (k 0) fading distributions. On the other hand, the expectation of the 
product of a fading coefficient with the complex conjugate of itself is equal to its power, 
and thus equal to one (since the fading coefficients are assumed to be normalized with 
respect to unit power).
4 . 3 . 3  P a t h  L o s s  M o d e l
We use the power law path loss model described in chapter 2 section 6, which can be 
expressed as:
4  =  (4'3)
where L q is defined as the power received at the reference distance (ro) when the 
transmitted power is one unit and r + ro  is the actual distance from the BS. Note that 
L q is also a function of the carrier frequency f c.
For the reader’s convenience we present the path loss model parameters used in this 
chapter and extensively discussed in chapter 2 section 6.
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Based on the limitations of the two empirical models presented in chapter 2 (in terms 
of the parameters that can be used) the following parameters to approximate the path 
loss are employed. For both models the carrier frequency is f c =1.9GHz, the transmit 
antenna height Hte =  1.5m and the power loss at the reference distance 10 log10 Lq =  
38dB. The minimum allowed receiver antenna height for the macrocellular system model 
(30m) and the maximum allowed for the microcellular system (13.3m) are used. A line- 
of-sight environment is assumed for the microcellular system and a small/medium sized 
city environment is assumed for the macrocellular system.
It can be observed that the microcellular model suggests a smaller value of 77 =  2 , 
and the macrocellular model suggests a much larger value of 77 =  3.5. Even for the 
microcellular model, the path loss exponent after the Fresnel zone clearance is larger, 
i.e. 77 ~  3.5. The macrocellular model also suggests a further loss of around 20 dB. 
Hence, for practical results, we use a value of 10 log10 L q  =  —38 dB and a path loss 
exponent of 2 for small cells and 3.5 for large cells.
The value/range of parameters that will be used in this chapter for finding the capacity 
of the Multiple Access Channel with shadow fading, axe summarized in Table 2.3.
4 . 3 . 4  S h a d o w  F a d i n g  M o d e l
To incorporate shadowing into the system, a model needs to be found, which can ac­
curately represent the variation in received amplitude in the system due to the shadow 
fading [7, 43]. Goldsmith in [7] proposes the log-normal shadowing model which accu­
rately models the above-mentioned variation.
In the log-normal shadowing model, the pdf of the random power gain (ratio of receive 
to transmit power, ipp 4  ft/) is given by:
( lO lo g l o 0 P - ^ p ) :
V ^ H ' v )  =  —tk=— T  e x pV 27TCT-T ftp 20-1
(4.4)
where £ =  (average dB path gain due to the distance-dependent path loss
[7]) is the mean of ipp =  10log 1O0 P in dB, and <7^ is the standard deviation of ipp in 
dB. In this chapter, /x^ is a function of the path power loss for a distance r from the 
Base Station.
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The conditional pdf of the two random variables, the total power gain ipp, and the 
distance dependent power loss qp (gp =  92), is given by:
P tfW ’p k p )  =  - n = — ~ r e x p  V27rcr-r ipp
(1 0 logw ipp -  Ftypffi
2ai
where F(gp) is a function of <+ which needs to be determined.
(4.5)
4 . 4  C a p a c i t y  o f  t h e  S y s t e m
4 . 4 . 1  G e n e r a l  C a p a c i t y  F o r m u l a
Following the classical Information Theoretic approach [12], the per-cell uplink capacity 
is given by:
C  =  Jim ^E  ( L  log2 (det[I +  7  • H H *])) (4.6)
where the matrix H  is an N  x K N  channel attenuation matrix for K  users per cell and a 
planar array of xfN  x J N  cells (or a linear array of N  cells) and 7  =  P. Note that H  can 
be modelled as the overall system matrix which is constituted of the amplitude/envelope 
attenuation (path-loss) factor and the fading coefficients, i.e. H  =  $ © G  where 4* 
contains the path attenuation coefficients (ipv), G contains the fading coefficients (g) 
and O denotes the Hadamard operator (element-wise multiplication of matrices).
We make a basic simplification here by assuming that there are a sufficiently large 
number of users in each cell. When K  )$> 1, the expectation in (4.6) can be moved 
inside the log-det[3] and then we have:
c = ,c«2 (det E t1 + Y HHt])) (4-7)
This gives an upper bound for the capacity which is tight when K  is large.
So, the problem reduces to that of characterizing the mean value of A =  I  +  7  • 
H H 1 for the given statistical properties of fading and path gain coefficients. Path 
attenuation coefficients are a function of the User Terminals’ (UTs) positions. As 
all these coefficients are dependent on the distances between the transmitter and the
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receivers whose positions are fixed, \I/ is a deterministic matrix for a given snapshot of 
the system. Each received signal experiences an independent fading coefficient, g. The 
statistical properties of these coefficients determine the capacity. To evaluate E [A] , 
the following definition is used.
Definition: The expectation of the product of a complex fading coefficient g and the 
complex conjugate of another complex fading coefficient g is defined as:
K |2 4  E [*.($)•]
This expectation is required, since through the knowledge of it, every element of E [A] 
becomes known.
- I f  g = g then: E [g • (g)*] = E [g2] . This is the case with the diagonal elements of 
E [A], giving all diagonal entries in a closed form for the expectation of the covariance 
matrix.
- I f  g g then one needs to find the value of E [g • (<;)*] =  \mg\2 that will appear in 
some off-diagonal elements of E [A].
As a result, according to the fading model presented in section 4.2.2, all the off-diagonal 
entries of the expected covariance matrix are zero and all the diagonal entries are the 
same (with E[gg*] =  1 ) and are given by:
1 KN
E[/i[m] • h[m]*\ =  E [fe2] «  lirn^ —  #>2fc, (4.8)
where fe,^ is the attenuation factor between the base station of interest and the kth 
user in the system. All the diagonal entries are the same and each entry corresponds 
to a specific BS in the system. This simplifies (4.7) to the following form:
c = b log2 (det I1+diag (7 ‘ JiCiVEf<0])
But:
E [fe{] =  E [fe,] =  J ip p - pifefe,)dfe>, (4.10)
with pyfiftp) denoting the probability distribution function of the power attenuation 
factor fe, given by (4.5).
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e ( x )
P x M  . 1 Px(e 0 )
Pr ( y )____ w
Figure 4.1: Block diagram illustrating the process followed in equation (4.11) 
4 . 4 . 2  p d f  o f  t h e  D i s t a n c e  D e p e n d e n t  P a t h  L o s s
It is known, that if the pdf of an independent random variable X  is given by px(x),  
then it is possible to calculate the pdf of some variable Y,  which depends on x  via 
y — e(x). Assuming y is a monotonic function the resulting density function is:
1
p y {v) = e' (e" 1 (y )) V x ( < = » ) ,  (4.11)
where x = e 1 (y) is the inverse function of y — e(x) and e is the first derivative of 
that function.
Now consider the planar cellular system described in section 4.2 with K  users per unit 
area. The probability density function of the user position needs to be defined as in 
(4.11) and the pdf of the distance dependent path loss in the system needs to be found. 
To do this, consider that r is the radial distance from the BS of interest. Let us also 
consider that all users in the disc formed by the two circles with radii r +  and r — ^  
(where dr is very small) experience approximately the same path loss. The number of 
users with the same path loss can be found as (see Figure 4.2):
X p l  — K  •
. d r \ 2 (  dr \ 2
* l r  +  Y J
= 2Knrdr  (4.12)
Assuming a maximum radial distance D, the probability of a user being in this area
2 n k  
7tD2K(thus experiencing this path loss) is 2ffff rdr. Thus, the pdf of the user position is
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VTA
Users with approximately the same path 
loss
I K m 'd r
users
Figure 4.2: Reference area containing users with the same path loss.
given by:
P R ( r ) =  ^ 2 r ’ V r  €  [0,£>] (4.13)
Let us consider the path loss model described in section 4.2.3. The distance dependent 
path attenuation for each user in the system is given by:
ft =  e(r)
(1 +  r p / 2 ’
(4.14)
where 77, L 0 are as defined above.
Now (4.13), (4.14) can be used in conjunction with (4.11) to find the probability density 
function of the distance dependent free space attenuation.
From (4.14) we have:
and
r = e 1 tyv) = L \ /n9v -  1
e 'M  = _____
{ )  2 (1  +  r )  2 + 1
Thus using (4.13), (4.15), (4.16) equation (4.11) yields:
P s M  =
4  ( - 2 / h  7 - 1 /4 ?•> T > V  v I £ )2 ^  V -^0 ^  _  -^0 9v )
(4.15)
(4.16)
(4.17)
Equation (4.17) is the probability density function of the distance-dependent attenua­
tion in a planar system with the users uniformly distributed and the attenuation taking 
values between and J L q (See Figure 4.3).
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path gain value (dB)
Figure 4.3: Pdf of the distance-dependent attenuation for the planar system. Coverage 
3 Km, path loss factor 3.5, Lo =  0 dB.
4.4.2.1 Capacity of a System without shadowing
Using equation (4.37) one can derive the per-cell capacity of a system where each user’s 
signal experiences multipath fading and distance-dependent path loss as:
G n o -s h a d o w in g  —  1°§2 j1 + K N P • IE (4-18)
With:
’vTo
E .............
-j r y l j Q
<  =  j Y F  ^-PxU v)dgv (4.19)
(1+£>>’7/2
Using (4.17) one can calculate (4.19) and thus provide a closed form solution for the 
per-cell capacity of the system:
C,n o -s h a d o w in g
log2 ( l  +  2EFPLo (ln(l +  D) +  jqG -  l ) )  77 =  2
1 / - ]  , ZKNPLa ( 1 + D ) 2 ’7“ 3 - ^ _ i ) ( 1 + £ >) ’7 - 1 + ^ _ 2 ) ( 1 + j D ) » j - 2 x
log2 (1 +  0 2  < ^ p i ) ( i + b ) a'»-s ------------- J  r > > 2
(4.20)
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4 . 4 . 3  C a p a c i t y  w i t h  S h a d o w  F a d i n g
Let ns consider the log-normal shadow fading model that was presented in section 4.2.4 
of this chapter. The capacity is found as follows. The conditional pdf of the two 
random variables, the total power gain ipp and its mean qp (distance-dependent power 
loss, qp 4  q2), is given by (4.5) but it is repeated here for convenience:
=  “ 7==^— - e x p  
V 2 tra^j; ipp
(10 logio^p -  F (qp))2 
2 a /
(4.21)
Since qv in (4.14) represents the distance-dependent attenuation, equation (4.14) needs 
modification in order to represent the distance-dependent power loss, at position r, as:
=  <b(r) =  (1 (4.22)
Now, following the same steps as in (4.15), (4.16), (4.17) equation (4.11) will yield the 
pdf of the distance-dependent power loss:
P r f e )  =  f t  \ 7 ^  -  (4.23)
Since, in (4.21), the value of the mean distance-dependent power loss is in dB, it is 
considered useful to transform eq. (4.23) so as to represent the pdf of the distance-
dependent power loss also in dB. To do that, equation (4.11) is once more used for the
following transformation:
qp = 101og10gp, (4.24)
with ps{qP) given by (4.23).
Thus, the pdf of the distance dependent power loss in dB is:
Pr(?p) =  / f t  lo ft _  L r i l O - ' - ^ r )  (4.25)
The capacity can be calculated using (4.37) and by noticing that:
•lOlog-LQLo roorivi g10 l,q
E  10*1 = E [0p] =  /  Ps (d ) /  ■tpppq,(?pp\qp)d'ijjpdqp
J 10 login Jtl» o1 10 JT+pjyq 0
fi o  io g 10
/•10logio L q
— L Pjgfyp) ' F  [0p|?p] dgp (4.26)
J 10 l . n „ Tu,'
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But:
E
rco
[^ p k p ]  =  /  V’p Jib> 00 o j>pexp
(IQlogiO rpp ~ FGp)f
2 o £
p o o
/ A
Jib> 0
.  exp
'0 o V 27t<j^ t/>p
($lnV>p -  E f c p ) ) 2
2 u 2.
0 P
d^p (4.27)
Substituting ^p =  exp u and thus dipp — exp udti:
(4.27) =>- f 00 £exp(2u) exp dii =
- i :oo \ / 2 n a exp
( ( u - F ( g p))2
2a 2- 
%
J u 2 -  2£Ftyp)u + F(ffp)2 -  2<4 u
i p
2a~
Va
j :oo y/Z na,
exp
(« - + ^ r1))2 - + + 21)2 + ^
rJ —C
exp
U —
(4.27) =  exp r<% + E M  2?  ^  £
j a  , E g g )
c2 I* £
2<+
V'p
£2
(4.28)
Using equations (4.25), (4.28) it is derived from (4.26) that:
- « C 1  “4 U + T h(l+C)’)
(4.29)
In (4.29), F(gp) is the distance-dependent mean of the shadowing coefficient which de­
pends on ?p, which is the distance dependent power loss when no shadowing is present. 
A relationship needs to be found between these in order to be able to derive the capacity 
of the system. One observation that can be made here is that by incorporating shad­
owing in a system, the mean value of the path gain, when compared to the situation
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Figure 4.4: Simple explanation for the negative offset that needs to be found so as to 
be able to compare the capacity with and without shadowing
without shadowing, should be decreased. This means that, for this model, a negative 
offset in the mean of the random shadowing coefficient needs to be found. The distribu­
tion of this random variable is given by (4.21). This negative offset shall be a function 
of the standard deviation of the shadowing component, since the higher the standard 
deviation, the further away the points of the path gain lie from their mean value (See 
Figure 4.4). As the normal distribution has an infinite tail, one possible way to quantify 
this negative offset is to use the confidence intervals of the log-normal distribution so 
as to claim that a certain percentage (e.g. 99.99%) of the shadowing coefficient points 
lie below the mean value of the no-shadowing path gain. In Figure 4.5, the pdf of the 
shadowing coefficient (4.5), that is obtained by setting its mean to a specific value, is 
plotted. The areas under the curve values denote the probability there will be points 
with value higher than that of the path loss in the absence of shadowing. It is obvious 
that if no negative offset is introduced then there is a high probability (50%) that the 
shadowing coefficient value will be higher than the path loss value in the absence of 
shadowing, which is not possible.
Thus Ftyp) is defined as:
f (Sp ) =  f t  ~  c a 7E > (4 -3 0 )p
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pdf of the shadowing coefficient for different confidence intervals
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Figure 4.5: Pdf of the shadowing coefficients for different values of the standard devi­
ation multiplier and respective constant path loss value.
where c is the standard deviation multiplier determining the confidence interval of the 
normal distribution. A c value of 3 means that we are operating at 99.85% confidence, 
while a c value of 4 means a 99.995% confidence. Figure 4.5 depicts the probability, 
that for two different shifts of the mean value, there will be shadowing coefficients with 
greater values than the path loss coefficients in the absence of shadowing.
Using (4.29), (4.30) equation (4.37) yields the per-cell capacity of the system with 
shadow fading, which can be expressed in a closed form formula as:
2 K N 2P  
D 2g£ 'C  =  1°§2 1 +
rlO log10 Lo ^  /  , ?p(p+2) , 5P(t?+1)
/  lOifr ( L2/,?10~ log _  L l0/V 10“ 109
•fioiogio (1+D)n '
(4.31)
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4 . 4 . 4  R e l a t i o n  t o  R i s e  o v e r  T h e r m a l
It is cosnidered useful to relate the analysis above to the Rise over Thermal definition 
in section 2.5.2
From (4.9) it follows that:
=  log2 ( l  +  7 . KNEtyl])  
=  log2 (1 +  R oT ), (4.32)
where
K N
(4.33)
as discussed before. This result suggests that the capacity formulations of the cellular 
system all fall on the same graph and the different system parameters define the range 
of operation on this graph by controlling the RoT in the system.
4 . 5  C a p a c i t y  w i t h  m u l t i p l e  a n t e n n a s
Each BS is now equipped with urx antennas while nrx transmit antennas are assumed 
at each UT. The received signal at the n  Base Station’s R x  antenna will be given by:
m=l fc=l Tx=l 
m ^ n
where subscript (n) identifies the cell in which a user is located, k identifies the user 
index and R x, Tx denote the receive and transmit antennas respectively. Subscript (ra)
i p , g , x , y , z  stand for path gain coefficients, fading coefficients, complex Gaussian inputs, 
complex Gaussian outputs and normalized (unit power) noise respectively. A power
k = i T x =i
N K nt (4.34)
represents the set of all base stations other than the one indexed by (n). Furthermore,
constraint is also considered for each input, E[(a;^.)2] <
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The per-cell uplink capacity is given by:
C  =  wl im E  ( L  l o g 2  (det[I +  7 r« • H H '] ) j  (4.35)
where the matrix H  is an nRxN  x utxK N  channel attenuation matrix for N  Base
Stations with u r x antennas each, K  users per cell, with nrx antennas each and 7 t x =  
P
n Tx '
All the off-diagonal entries of A =  I  +  yxx • H H ' (output covariance matrix) are zero 
and all the diagonal entries are same (with E[gg*} = 1 ) and are given as:
E [ h R x ' h % ) = E ,TX
Tx
1 nTxKN
lim -----—— (4.36)R-+00 nTxK N  '
Where i/jv,tx is the attenuation factor between the base station’s antenna of interest 
and the T dl transmit antenna in the system. This simplifies (4.35) to the following 
form
C = n I /o o  b l0g (det t1 + d ia g  ( 7Tx ‘ n r . - K ’^ E l ^ 2 ] ) ]) (4 -3 7 )
Keeping in mind that the matrix inside the determinant is a njixN  x urxN  matrix and 
that:
E [fe]] =  E [ipp] =  J  ipp - pv{ipp)dipp (4.38)
with pqj(fp) denoting the probability distribution function of the power attenuation 
factor ipp given by (4.5), the final per-cell capacity for the no-shadowing and shadowing 
cases is given by equations (4.39) and (4.40) respectively.
nRxlog2 ( l  +  2K£PM  jln (i + D) + -  l ) )  g = 2
nRx iOg2 +  Ds (T)-2)(r)-l)(l+DjF-z ) 9 z
(4.39)
L* n o -s h a d o w in g
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. /  2K N P
G s h  ad o w in g  —  n Rx 1(-,§ 2  ^  +  D ^ rj(
/•10log10L0 ? /  , ?p(n+2) , /  ?pO?-H)\  F(gv) \  . \
■ L ei0^ w Vw "  ~ L° ' W *
(4.40)
4 . 6  C a p a c i t y  U n d e r  C o r r e l a t e d  S h a d o w i n g
Let’s assume that’s there is correlation between the different path attenuation coeffi­
cients ipv,Tx due to shadowing. As discussed in section 4.4.1 equation (4.7) shows that 
the figure of merit when comes to the calculation of the capacity are the statistics of 
the covariance matrix when N  grows large.
The diagonal entries of the covariance matrix will be the same as before and their 
expectation is given by (4.38)
The off diagonal entries of the covariance matrix will be a function of:
titxKNE  ,Tx / r x (4.41)
tr,tr'—l
Assuming there is correlation between the different ipv’s then the expectation of each 
of the off-diagonal entries will be:
nTxKN
E h ' ^ ]  =  7 T i i r  E  Vvziffii ,Tx / r x, N ^ o o  (4.42)
- I k  y  r p / __ ^
Keeping in mind that the multipath fading coefficients, g, are independent of the path 
attenuation coefficients due to shadow fading and path loss, ip, equation (4.42) will 
yield:
E [</■„,t.  9T«■ r v,Tx9k]  = E • E [gjigjv] (4.43)
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But E  [gTx 9t ' ] ~  0 due to the fact that the phases of the received signals are realistically 
modelled as independent uniformly distributed random variables.Thus the expectation 
of the off-diagonal elements of the covariance matrix is zero even if there is correlation 
among the elements of the path attenuation matrix 4/.
The same observation holds for the covariance of the off-diagonal elements of the co- 
variance matrix A:
(fv,TxgTx • — (ftv,TxiPi,F^  • (pTmSfri) =  °> (4.44)
due to the independence of the multi-path fading coefficients.
From the above it can be safely stated that when the phases of the received signals are 
realistically modelled as being independent and uniformly distributed, the capacity of 
the system depends only on the statistics of the diagonal elements of the covariance 
matrix, A =  I  4- 777 HH+, even when there is correlation between the shadow fading 
coefficients.
On the other hand if the phases are assumed to be synchronized at the receiver’s 
end, then the correlation of the shadowing component will result to some strong off- 
diagonal entries 011 the covariance matrix which will in turn result to significantly 
reduced capacity, when compared to the un-correlated case.
4 . 7  S y s t e m  S i m u l a t i o n
For the Monte Carlo simulations used to compare the theoretical results to simulations 
the users are randomly distributed on the coverage area and their distances from each 
Base Station are calculated. The distance dependent path attenuation for each user 
is then calculated according to qv =  and the respective values are placed to
the nRxN  x nrxK N  matrix E s. Fading coefficients are simulated as random normally 
distributed complex numbers with both real and imaginary parts having zero mean 
and a standard deviation of l / \ /2 .  In order to generate the shadowing coefficients 
for the Monte Carlo capacity simulation we generate log-normally distributed random
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UT
F igu re 4.6: D ista n ces  an d  an g les u sed  in  our m od el
variab les for each  u ser’s p o sitio n , w ith  th e  resp ective  m ean  g iven  b y  F (qp) 4  qp — 
caj} . T h e  value for each  qp is tak en  from  X s T h ese  variab les are th e n  p laced  in  th e  
n jixN  x  n rxK N  m a tr ix  \b s . E ach  en try  o f  th is  m a tr ix  is th en  correla ted  accord in g  to  
th e  m od els  d escrib ed  later. T h en  th e  ca p a c ity  form ula g iven  b y  (4 .6 ) is eva lu a ted  for 
m an y  rea liza tion s o f  th e  H s =  4>s ©  G s m atrix .
4.7.1 Generation of Correlated Shadowing coefficients—Base Station 
cross-correlation
A  gen eral w ay to  gen era te  correlated  ran d om  variab les w ith  a  g iv en  correlation  m a tr ix  
C  is to  perform  a C h olesk y  d eco m p o sitio n  on  th e  correlation  m a tr ix  an d  th en  right 
m u ltip ly  w ith  th e  u n correla ted  data:
X c =  c h o l(C ) • X u (4 .45)
w here X c , X u d en ote  th e  co lu m n  v ectors o f th e  correlated  and  u ncorrela ted  variab les  
resp ectiv e ly  and  chol d en o tes th e  C h o lesk y  d ecom p osition .
A s d iscu ssed  p rev iou sly  in  order to  represen t th e  sh ad ow in g  coeffic ien ts for th e  M on te  
C arlo ca p a c ity  sim u la tion s w e g en era te  log -n orm ally  d istr ib u ted  ran d om  variab les for  
each  u ser ’s p o sitio n , w ith  th e  resp ec tiv e  m ean  d ep en d in g  on  th e  p a th  lo ss in  th a t  
p osition . T h ese  variab les are th en  p la ced  in  th e  n RxN  x  n rxK N  m a tr ix  \b s .
L e t’s assu m e th a t  th e  sh ad ow in g  each  U T  is exp erienc in g  is correlated  accord in g  to  all 
B a se  S ta tio n s  (B ase  S ta tio n  cross-correla tion ). T h is  essen tia lly  m ean s th a t  w e n eed  to  
correlate  \l/s m a tr ix  across i t ’s co lum ns.
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F irst w e su b tra ct th e  m ea n  va lu e  from  each  o f  it s  e lem en ts (th e  d is ta n ce  d ep en d en t 
p a th  lo ss can n ot b e  correla ted ). T o each  co lu m n  (n RxN  x  1 v ec to r ) corresponds a 
71r xN  x  n RxN  correla tion  m a tr ix  o f  th e  fo llow in g  form:
Cr 4
<*.!).( 1,1) <1,1),(1,2)
Tx Tx
P( 1 ,2),(1 ,1) P (1 ,2 ),(1,2 )
T x
P(1,1),(N,RX)
T
P(l,2),(N,RX)
T T T
f{N ,Rx),( 1,1) P{N,RX),(1,2) ••• P(N,Rx),(N,nRx)_
(4 .46)
P(iR  ) (j R') rePresenf s fh e  correla tion , o f th e  sh ad ow in g co m p o n en t correspon d ing  to  
U T  a n ten n a  Tx , b e tw een  B S ’s i  R x a n ten n a  and  B S ’s j  R'x an ten n a . A s th ere  are 
titxK N  tra n sm it an ten n as in  th e  sy stem , w e n eed  to  have titxK N  C tx m atrices.
W e n eed  now  to  assign  va lu es to  th e  differ entpjTfe^ ^  R, y  T h ese  va lu es have to  corre­
sp o n d  to  th e  p h y sica l p rop erties o f  th e  sy stem .
T h e  m eth o d  p rop osed  b y  Z ayana in  [55] is in itia lly  chosen . T h e  e lem en t va lu es for each  
o f  th ese  m atrices are o b ta in ed  from  th e  d ista n ce  ratio  dr^j and  th e  an g le  values  
(T ab le 2  pp. 103 in  [55]) b e tw een  th e  corresp on d in g  cou p les am on g  a ll th e  B a se  S ta tio n s  
an d  th e  U T  (see F igu re  4 .6 -ea ch  B a se  s ta t io n ’s an ten n as are con sid ered  su fficien tly  
p laced  c lo se  to  each oth er  in  order n o t to  h ave any effect on  th e  d ista n ce  ra tio  and  
an g le  v a lu es). T h e  d is ta n ces are ca lcu la ted  u sin g  th e  coord in a tes  o f  th e  B S s an d  th e  
U T s  on  th e  grid  w h ile  th e  an g les  are ca lcu la ted  u sin g  th e  cosin e law:
l i j  =  arcos d i + 4  ~ d h2 d { d j (4 .47)
U sin g  th is  m eth o d  th e  C tx m atr ices  are sym m etr ic  b u t n o t sem i-p o s itiv e  defin ite  as 
som e o f  th eir  e igenvalues are n eg a tiv e . T h is  m eans th a t th e  C h olesk y  d eco m p o sitio n  
in  (4 .45) ca n n o t b e  perform ed.
A  sim ilar m eth o d  to  th e  on e d escrib ed  ab ove w as p rop osed  b y  S aun ders an d  E van s in  
[56]. In  th eir  w ork th e  au th ors p rop osed  a  m o d el in  w hich  th e  va lu e  o f th e  different pi)  
d ep en d  on  th e  an g le  accord in g  to  a  s tep -lik e  graph (F igu re 7 in  [56]). T h e  sh ad ow in g
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correla tion  for =  0  is d ep en d en t on  th e  ra tio  o f th e  b ase  to  m ob ile  d istances:
10frlog10 (4 .48 )
b e in g  u n ity  w h en  th o se  d is ta n ces  are equal.
U sin g  th is  m e th o d  th e  C tx m a tr ices do  n o t m eet th e  correlation  m a tr ix  requirem ents
from  a  m a th em a tica l p o in t o f  v iew  (n eg a tiv e  eigenvalues) and  th u s C h olesk y  d ecom p o­
s itio n  can n ot b e  perform ed.
T h e  tw o  m eth o d s p resen ted  ab ove fail to  gen era te  p o sitiv e  sem i-d efin ite  correlation  
m atrices  due to  th e  u se  o f  co o rd in a te -d ep en d en t estim ators as in d ica ted  b y  R ou sseeu w  
in  [57]. In  h is w ork he p rop oses severa l m eth o d s th a t a lleged ly  tran sform  such  m atrices  
in to  p o sitiv e  sem i-d efin ite  ones.
4.7.1.1 Eigenvalue method
T h e  m eth o d  th a t w as u sed  in  th is  ch apter to  transform  th e  n o n -P S D  m atrices in to  P S D  
ones is th e  eigenvalue m eth o d  w h ich  is su m m arized  below .
T h e  n o n -P S D  m atr ices C tx th a t  are gen era ted  can  b e  w r itten  in  th e  form:
C Tx =  V L V t  (4 .49)
w h ere L  is a  d iagon a l m a tr ix  co n ta in in g  th e  eigenvalues o f  C y x an d  V  is an  orth ogon a l 
m a tr ix  o f corresp on d in g  eigen vectors.
W e su b s titu te  th e  few , w ith  sm a ll a b so lu te  va lue, n eg a tiv e  e igenvalues th a t  ap pear in  
L  w ith  zeros an d  w e co m p u te  th e  n ew  C f  =  V L V T m atrices. S in ce  th e  d iagon a l 
e lem en ts o f  th ese  m atr ices  are n o t eq u a l to  on e w e tran sform  th e m  aga in  using:
C r .  =  U C 'r , U  (4 .50 )
w here U  is th e  d iagon a l m a tr ix  w ith  d iagon a l e lem en ts Ujj =  y /c U , ( j  =  1 , . . . ,  N )
D u e  to  th e  fact th a t  th e  C tx m atr ices th a t  are gen era ted  are large and  th a t very  
few  eigenvalues are n eg a tiv e  w ith  sm a ll a b so lu te  va lu e  (2 to  4  d ep en d in g  on sy stem  
size , w ith  th e  larger th e  sy s te m  th e  m ore n eg a tiv e  eigenvalues ap p ear), th e  P S D  C y x
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m atrices th a t  are gen era ted  u sin g  th e  e igenvalue m eth o d  are very  c lose  to  th e  orig inal 
ones (d ifference in  th e  m ean  va lu e  o f  th e  e lem en ts co lu m n -w ise  o f  o n ly  0 . 0 1  m ax im u m ). 
T h u s it  is con clu d ed  th a t  th e  n ew  C m a t r i c e s  can  b e  sa fe ly  u sed  for M on te-C arlo  
sim u la tion s.
4.7.2 Generation of Correlated Shadowing coefficients - User cross­
correlation
In  order to  s im u la te  th e  user cross-correla tion  w e n eed  to  correlate  th e  m a tr ix  across  
it s  row s. To each  row  ( 1  x  n ^ K N  v ector) corresponds a  htxK N  x  nrxK N  C rx m atrix . 
E ach  row  o f  th e  zero-m ean  m a tr ix  n eed s to  b e  right m u ltip lied  w ith  th e  C h olesk y  
d eco m p o sitio n  o f  th e  resp ectiv e  C rx m atrix:
s ,zero —m ean (R -xi '•) — c,zero—m e a n {R x i :) ' c h o l(C jR x ) (4 .51)
In  order to  p rop erly  m o d e l th e  user cross-correla tion  w e u sed  th e  stan d ard  a u to ­
regressive m o d e l o f  au to -corre la tion , s lig h tly  m od ified  to  accou n t for a n g le  d ifferen ces[58, 
59]:
=  0 ° and d i j  =  0
e  x c c o s ( 0 i j )  0° <  d i j  <  90c 
0 Oij >  90°
(4 .52)
w h ere p ^ r x) q  Ti) represen ts th e  correla tion , o f  th e  sh ad ow in g  co m p o n en t corresp ond in g  
to  B S  an ten n a  R X) b e tw een  U T ’s i Tx a n ten n a  an d  U T ’s j  T'x an ten n a . A s th ere  are 
urxN  receive a n ten n as in  th e  sy s tem , w e n eed  to  h ave urxN  C r x m atrices, d i j  is th e  
d is ta n ce  b etw een  th e  corresp on d in g  U T ’s and  X c th e  d ecorrela tion  d istan ce .
T h is  m eth o d  gen era tes proper P S D  C r x m atr ices so  n o  m a tr ix  tran sform ation  w as  
n eeded .
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4.8 R esu lts  and d iscu ssion
In  th is  section , th e  ca p a city  resu lts o b ta in ed  b y  p lo ttin g  (4 .2 0 ) and  (4 .3 1 ) versus various  
sy s tem  p aram eters are p resen ted . T h ese  sy s te m  param eters are p resen ted  in  T ab le 2.3.
F o llow in g  th e  d efin ition  o f  R o T  in  sec tio n  2 .3 .1 , F igu re  4.7 , illu s tra tes w here our sy s te m  
op era tes  on  th e  ca p a c ity  (b p s /H z /c e ll )  v .s . R o T  curve. T h e  ca p a c ity  is p lo tte d  for 
different cases per p a th  lo ss  ex p o n en t value; n o  sh ad ow in g , m ild  sh ad ow in g  co n d itio n s  
(4  d B  stan d ard  d ev ia tio n ) an d  m ore severe  sh ad ow  fad in g  ( 8  dB  sta n d a rd  d ev ia tio n ). 
T h e  ca p a city  reg ion  is o b ta in ed  b y  vary in g  th e  U T  tra n sm it pow er. T h e  stan d ard  
d ev ia tio n  m u ltip lier  th a t  w as se lec ted  for p lo tt in g  th e  resu lts w as th e  on e th a t  provides  
99.995%  confidence. A s th e  R o T  curve illu s tra tes  th e  op tim u m  ca p a c ity  o f  th e  M u ltip le- 
a ccess C h an n el under th e  n o tio n  o f  a  hyp er-receiver, F igure 4 .7  prov id es a  very  u sefu l 
in s igh t in to  th e  op era tin g  reg ion  o f sy s tem s und er real-w orld  a ssu m p tio n s. F igu res 4 .8  
a n d  4 .9  illu s tra te  th e  p er-cell ca p a c ity  o f  th e  sy s tem  for d ifferent p a th  lo ss  ex p o n en ts  v .s . 
th e  ce ll rad ius an d  th e  per-user tra n sm it pow er respectively . T h e  ca p a c ity  difference for 
th e  sam e p a th  loss factor is a lm o st co n sta n t w ith  resp ect to  th e  ce ll rad ius, 4 .7 b p s /H z  
ca p a city  lo ss w h en  th e  n o -sh ad ow in g  an d  4d B  sh ad ow in g  cases are com p ared  an d  3 .47  
b p s /H z  ca p a c ity  lo ss w h en  th e  sev er ity  o f  th e  sh ad ow in g  increases from  4d B  to  8 d B  for 
b o th  p a th  loss ex p o n en t va lues. O n th e  oth er  h an d , w h en  th e  ca p a c itie s  w ith  d ifferent 
p a th  lo ss  ex p o n en ts  are com p ared , it  is ob served  th a t th e  ca p a c ity  lo ss increases s lig h tly  
as th e  ce ll rad ius increases (ca p a c ity  lo ss  ran g in g  from  4 .48  to  5 .18  b p s /H z  w h en  th e  tw o  
4dB  sh ad ow in g  cases are com p ared ). A n o th er  in terestin g  in s igh t p rov id ed  b y  F igu re
4.8  is th a t  th e  ca p a c ity  for p a th  lo ss  ex p o n en t 3 .5 and  sh ad ow in g  stan d ard  d ev ia tio n  
4d B  is a lw ays less th a n  th e  ca p a c ity  for p a th  lo ss  exp on en t 2 and  sta n d a rd  d ev ia tio n  8  
dB .
W e a lso  p resen t com p arison  o f th e  p er-ce ll c a p a c ity  w ith  an d  w ith o u t correlation . F ig ­
ures 4 .10  and  4 .11  illu s tra te  th e  p er-ce ll cap acities  w ith  and  w ith o u t correla tion  for 
5 0m  an d  2 0 0 m  U T  d e-correla tion  d is ta n ce  resp ectively . In  b o th  p ic tu res it is c lear ly  
d ep icted  th a t  correla tion  o f  th e  sh ad ow in g  com p on en t d oes n o t h ave an y  im p a ct on  th e  
ca p a c ity  o f  th e  sy stem . S u m  ca p a c ity  ca n  reach  u p  to  39 b p s /H z  for sm a ll in ter-site  
d is ta n ces w h ile  it  can  drop dow n  to  19 b p s /H z  for larger cells. F in a lly  in  F igu re 4 .12  w e
C hap ter 4: C apacity of C G M A C  with joint processing, small an d large
SCALE FADING
page 92
C hap ter 4: C apacity of C G M A C  with joint processing, small a n d large
SCALE FADING
RoT curve
F igu re  4.7: P er ce ll ca p a c ity  o f  th e  sy s te m  versu s R ise  over T h erm a l in  d B .
K = 80 users p er-cell, reference d is ta n ce  p ow er loss -38  d B . C ell rad iu s 1 0 0 0 m . U ser  
pow er ran g in g  from  100 m W  to  200 m W . T h e  R o T  curve is a lso  p lo tted .
p resen t th e  p er-ce ll ca p a c ity  o b ta in ed  b y  a p p ly in g  U T  correla tion  first in  th e  sh ad ow in g  
coeffic ien t m a tr ix . A s it can  b e  c lear ly  o b serv ed , th e  order th a t  w e a p p ly  th e  ty p e  o f  
corre la tion  d o es n o t h ave any  im p a c t on  th e  cap acity .
4 .9  C on clu sion s
In th is  ch ap ter , a  m o d e l w h ich  ca n  b e  u sed  to  ev a lu a te  th e  u p lin k  ca p a c ity  o f a ce llu lar  
sy s te m  un der th e  n o tio n  o f  a  h yp er-receiver  in co rp o ra tin g  rea listic  sy s te m  p aram eters, 
is p rop osed . A  form ula  for th e  u p lin k  c a p a c ity  o f  a  ce llu lar sy s te m  in  w h ich  each  
tr a n sm itte d  s ig n a l ex p er ien ces a  d is ta n ce -d ep en d en t p a th  loss, fast fad in g  and  sh ad ow  
fad in g , is derived . T h e  resu lts  il lu s tra te  th e  u p lin k  ca p a c ity  range, in  b p s /H z /c e l l ,  
w ith  w h ich  a  sy s te m  em p lo y in g  fu ll receiver co -o p era tio n  is e x p e c te d  to  op era te . B y  
in co rp o ra tin g  so m e  rea listic  a ssu m p tio n s  a b o u t th e  sy s tem  p aram eters w e en d eavou red  
to  m ake th e  resu lts  as c lo se  to  rea lity  as p o ss ib le . T h e  in creasin g  sta n d a rd  d ev ia tio n  
o f th e  sh a d o w in g  co m p o n en t, as w ell as th e  in creasin g  cell rad iu s, h ave, as e x p e c te d , a 
n eg a tiv e  im p a ct on  th e  cap acity . A n o th er  in terestin g  in s igh t is th a t  in crea sin g  th e  p a th
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C apacity for different parameters
t--------------------------1--------------------------1------------------------- 1--------------------------r
^ ^ “ N o Shadow ing
I_________  I_________ I___________ !___________ I___________
500  1000 1500 2 0 0 0  2 5 0 0  3000
C ell radius in  m eters
F igu re  4.8: P er  ce ll ca p a c ity  o f  th e  sy stem  versu s cell rad ius.
K —8 0 users per-cell, user pow er 2 0 0  m W , reference d ista n ce  pow er lo ss  -38  dB . C ell 
rad ius ran g in g  from  1 0 0 m  to  3K m .
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C apacity v .s . user pow er
  ___ r>—— o-------------------------------cr — - J
N o  sh ad ow ing  (t |= 2 )
 Shadow ing w ith standard deviation  4  dB (f|= 2)
. . . , .  Shadow ing w ith  standard deviation  8  dB (T]=2)
-   Shad ow ing  w ith  standard deviation  4  dB (r|=3.5)
1 -  ■ -  ■ Shadow ing w ith standai'd deviation  8  dB (ri=3.5) -
o  S im ulation  R esults
4 1------------1------------1------------1------------1------------1________i________i________i_______ i_____
100 110 120 130 140 150 160 170 180 190 200
U ser p ow er in m W
F igu re  4.9: P er  ce ll ca p a c ity  o f  th e  sy s tem  versus user pow er.
K = 80 users p er-cell, reference d ista n ce  pow er loss -38  dB . C ell rad ius 1 0 0 m . U ser  
pow er ran ging  from  100 m W  to  200 m W
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C apacity versus d istance b etw een  adjacent B ase  Stations 
61 C ells , 4 1 5  users, 200m W  user transmit pow er, 50m  user D ecorrelation  D istance  
2 antennas at each B a se  Station, 8 dB shadow ing standard deviation
D istan ce betw een  adjacent B ase  Stations
F igu re 4.10: C a p a city  w ith  and  w ith o u t correlation . B S  correla tion  ap p lied  first
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C apacity versus d istance b etw een  adjacent B ase  Stations 
61 C ells , 415  users, 200m W  user transm it pow er, 200m  user D ecorrelation  D istance  
2  antennas at each B a se  Station, 8 dB shadow ing standard deviation
D istan ce betw een  adjacent B ase  Stations
F igu re 4.11: C ap acity  w ith  an d  w ith o u t correlation . B S  correla tion  ap p lied  first
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C apacity versus distance betw een  adjacent B a se  Stations 
61 C ells, 415  users, 200m W  user transm it pow er, 50m  user D ecorrelation  D istance  
2 antennas at each B a se  Station, 8 dB shadow ing standard deviation
D istan ce b etw een  adjacent B ase  Stations
F igu re 4.12: C a p a city  w ith  an d  w ith o u t correlation . U T  correla tion  ap p lied  first
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lo ss ex p o n en t va lue h as a  larger im p a ct on  th e  ca p a city  th a n  in creasin g  th e  sh ad ow in g  
co m p o n en t’s stan d ard  d ev ia tio n . A d d in g  m u ltip le  an ten n as a t th e  B a se  S ta tio n s  offer a  
linear increase to  th e  ce ll cap acity . D u e  to  th e  fa c t th a t  no d istan ce -d ep en d en t stan d ard  
d ev ia tio n  o f  th e  sh ad ow in g  co m p o n en t w as a ssu m ed , th e  ca p a c ity  gap  b etw een  different 
sh ad ow in g  co n d itio n s is co n sta n t w ith  resp ec t to  th e  cell rad ius, b u t it  decreases as th e  
sever ity  o f th e  fad in g  in creases.
W e have a lso  proven  m a th em a tica lly  th a t  correla tion  o f th e  sh ad ow in g  com p on en t d oes  
n o t have any  im p a ct 011 th e  ca p a c ity  o f  th e  G au ssian  C ellu lar M u ltip le  A ccess  C hannel. 
A  sy stem  sim u lator th a t in corp ora tes rea listic  d istan ce  d ep en d en t estim a to rs for U T  
an d  B S  sh ad ow in g  correla tion  w as a lso  im p lem en ted  and  sy s tem  ca p a c ity  resu lts w ere  
ob ta in ed . T h e  sim u la tio n  resu lts confirm  th e  th eo re tica l an a ly s is th a t  correlation  o f  th e  
sh ad ow in g  com p on en t d oes n o t  h ave any  im p a ct on  th e  ca p a c ity  o f  th e  sy s tem  u nder  
th e  g lob a l B S  co -o p era tio n  sch em e. T h ey  a lso  provid e a c tu a l va lu es for th e  m ax im u m  
ach ievab le ca p a c ity  o f  a  real sy s te m  em p loy in g  a  hyper-receiver.
C h ap ter 4: C apacity of C G M A C  with joint processing, small an d large
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Chapter
F a i r n e s s  a n d  u s e r  r a t e  d i s t r i b u t i o n  i n  
j o i n t  p r o c e s s i n g  s y s t e m s
T h e  w ork in  th is  ch apter resu lted  in  th e  fo llow in g  pub lication :
D . K a ltak is , M. A . Im ran , E . K atran aras an d  R . H oshyar, ” F airness and user rate  
distribu tion  in  jo in t  processing sy s tem s” , su b m itted  for rev iew  an d  p o ss ib le  p u b lica tion  
in  IE E E  IC C  2 0 1 0 , W C S.
5.1 In trod u ction
U p to  now  th ere  h as n o t b een  rep orted  an y  a tte m p t to  characterize th e  user rate d is­
tr ib u tio n  for a  sy s te m  em p loy in g  fu ll B a se  s ta t io n  coop era tion , as a ll th e  resu lts derive  
th e  su m -rate  p er-cell, w ith o u t im p lem en tin g  an y d ecod in g  order w ith in  th e  cells. N ev ­
erth eless in  [60, 61] th e  au th ors derive su m  resu lts o f th e  user th ro u g h p u t d istr ib u tio n  
for in terference lim ited  cellu lar sy stem s.
T h e  m a in  co n tr ib u tio n  o f  th is  ch ap ter  is th e  p rov ision  o f a  geom etric  an d  m a th em a tica l 
m o d el w h ich  can  b e  u sed  to  ev a lu a te  th e  user ra te  d istr ib u tion  for a  cellu lar sy s tem  
under th e  n o tio n  o f  a  h yper-receiver in corp ora tin g  a ll th e  rea listic  ch ann el co n d itio n s  
and  sy s tem  p aram eters, u sed  up to  now  in  th is  th es is  . D ifferen t, lo ca tio n  b ased ,
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d ecod in g  orders are exam in ed . T h e  effect o f  in creasin g  In ter-site  d is ta n ce  (IS D ) is a lso  
stu d ied .
5.2 O utline
T h is  ch ap ter  is organ ised  as follow s: In sec tio n  5 .3  th e  sy s tem  m o d e l is  briefly  d escrib ed  
and  th e  gen eral fram ew ork for u ser ra te  share an d  its  re la tion  to  th e  su m  rate  eq u ation  
are d iscu ssed . S ectio n  5 .4  p resen ts th e  geom etr ic  m od el and  th e  different d ecod in g  
orders em p loyed  in  order to  derive th e  u ser ra te  d istr ib u tion . In  sec tio n  5 .5 th e  m a th ­
em a tica l m o d e l is p resen ted  an d  th e  su m -ra te  per  area an d  th e  average user ra te  p er  
area are derived . In  sec tio n  5 .6 th e  resu lts  o b ta in ed  for th e  su m  ra te  p er area and  th e  
u ser ra te  d istr ib u tio n  are p lo tted . F in a lly  in  sec tio n  5 .7  som e con clu sion s are draw n.
5.3 S ystem  m od el and gen era l fram ew ork
5.3.1 Input-O utput Equation
W e consider a  W yn er-lik e  [2 ] h ex a g o n a l cellu lar array m od el w ith  N  ce lls , K  u n iform ly  
d istr ib u ted  users in  each  cell, K  u sers per u n it area and  in ter -site -d ista n ce  I S D  =  s. 
A  B S  a n ten n a  a t a  ce ll w ill receive sign a ls from  all th e  u sers in  th e  sy stem . E ach  B S  
is eq u ip p ed  w ith  u r x an ten n as w h ile  tltx tra n sm it an ten n as are a ssu m ed  a t  each  U T . 
T h e  received  sign a l a t  th e  n  B a se  S ta t io n ’s R x an ten n a  w ill b e  g iven  by:
I< n Tx
#£■ = E E [€%  ■ +
* = 1  Tx=l
N K nt ( 5 J )
+  E E E f e - 6 ' + Y
m=l fe=lTa; = l mfin
w h ere su b scrip t (n ) id en tifies th e  ce ll in  w h ich  a  user is  lo ca ted , k id en tifies th e  user  
in d ex  an d  R x, Tx d en o te  th e  receive an d  tra n sm it an ten n as resp ectively . S u b scrip t (m )  
represen ts th e  se t o f a ll b ase  sta tio n s  oth er  th a n  th e  one in d ex ed  b y  (n ) . F urtherm ore, 
-if*,g,x,y,z s ta n d  for p a th  ga in  coeffic ien ts, fad in g  coefficients, co m p lex  G au ssian  in p u ts,
C h ap t e r 5: Fairness an d user rate distribution in joint processing
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co m p lex  G au ssian  o u tp u ts  an d  n orm alized  (u n it pow er) n o ise  resp ectively . A  pow er  
con stra in t is a lso  con sid ered  for each  in p u t, E[(rc^°fc)2] <  J r -
5 . 3 . 2  P a t h  l o s s  a n d  f a d i n g  m o d e l s
T h e  p a th -lo ss  an d  fast an d  slow  fad in g  m o d e ls  u sed  in  th is  ch ap ter are th e  sam e as th e  
ones u sed  in  chapter 4  onw ards.
5 . 3 . 3  G e n e r a l  f r a m e w o r k
T h e  per-cell u p link  ca p a c ity  accord in g  to  th e  c lassica l In form ation  th eo re tic  approach  
is rep ea ted  here for conven ience:
( l  (  [a21 +  * H H 1] \  \
C  =  E  ( -  lo g 2  I d e t ------------nf 2 j j (5 .2)
W e consider th a t th e  users in  each  ce ll are b e in g  d ecod ed  accord in g  to  th eir  d istan ce  
from  th e  B a se  S ta tio n  th a t ” serves” th e m  (th e  on e th a t is c lo sest to  th em ). T h e  users  
are sp lit in to  se ts  accord in g  to  th a t  d ista n ce . T h e  users in  a  p red eterm in ed  se t (th is  
d ep en d s on  th e  d ecod in g  order sch em e th a t  h as b een  ch osen ) are b e in g  d ecod ed  first 
w h ile  th e  rest are b e in g  trea ted  as in terference.
T h is  procedure is h a p p en in g  s im u lta n eo u sly  an d  sym m etr ica lly  for a ll B a se  S ta tio n s  in  
th e  sy s tem  (sam e se ts  in  each  c e ll ) . S in ce  th e  B S s are assu m ed  to  b e  in terco n n ected  v ia  
a  liyper-receiver, each  tim e  a  se t  o f  users in  a  cell is b ein g  d ecod ed  it  is a t th e  sam e tim e  
con sid ered  d ecod ed  for th e  w h o le  sy s te m  (th e  hyper-receiver h as d eco d ed  th em ). T h is  
essen tia lly  m ean s th a t all th e se  U T s  are n o t considered  as in terference in  th e  ca p a city  
form ula. T h e  fo llow ing  form ula  w ill offer a  b e tter  exp lan ation .
T h e  d ecod ed  u sers’ su m  rate  for a  su b se t w ith  d ecod in g  range r  in  each  cell is g iven  
by:
'  1 (det[cr2I  +  . H H 1]) \
C r =  lim  E  I -rr lo g 2 ------------------? -----------TV (5 -3 )
[ N  (det[cj2I  + ■ H rH j]) J
w here th e  m a tr ix  H  is th e  N x K N  ch an n el a tten u a tio n  m a tr ix  for K  u sers per ce ll and  
N  cells. H r is th e  .A? x  (-AT decoded} ch an nel a tten u a tio n  m a tr ix  for a ll th e  nsers
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o u ts id e  th e  d ecod in g  ’’ran ge” o f  a ll B a se  S ta tio n s , w ith  Kdecoded b e in g  th e  num ber  
o f users b e in g  d ecod ed  in  each  cell. N o te  th e  d im en sion  o f m a tr ix  H r can n ot b e  
N  x  K N  — Kdecoded as th is  w ou ld  m ean  th a t a  B a se  S ta tio n  d oes n o t h ave  k n ow ledge o f  
th e  d ecod ed  sign als in  a ll o th er B a se  S ta tio n s  in  th e  sy stem , w h ich  as ex p la in ed  before  
is  n o t th e  case d u e to  th e  presen ce  o f  th e  hyper-receiver.
L et us now  have a  lo o k  a t an  exam p le  on  h ow  th e  aforem en tion ed  p roced u re w ill b e  
ab le to  provide us th e  ’’d eco d ed  u ser” su m  rate  and  th u s to  g ive as an  in sigh t o f  th e  
user ra te  accord ing  to  th e  area th e  u ser lies w ith in .
A ssu m e th a t b y  vary in g  th e  ’’d eco d in g  range” w e g e t five se ts  o f  users:
•  S et 1 correspon ds to  range r \  (all u sers b etw een  th e  B a se  S ta t io n  an d  range r i ) .
•  S e t 2 corresponds to  ran ge r 2 (all users b etw een  th e  B a se  S ta t io n  and  range r2).
•  S et 3 corresponds to  ran ge r$.
•  S et 4 correspon ds to  range r 4.
•  S et 5 corresponds to  range rs (a ll users in  th e  cell).
W e can  find  th e  sum  ra.te o f  each  se t  o f  users by fo llow ing  th e  procedure d escrib ed  
above. T h e  re la tive  com p lem en t o f  each  se t o f  u sers (range r ) in  th e  n e x t se t  (range r 1) 
w ill provide u s w ith  th e  users th a t  lie  in  b e tw een  th ose  ranges. A n  exam p le  can  b e  seen  
in  F igu re 5 .1 . W e ca n  c la im  th a t  th e  su m  ra te  o f th e  users ly in g  w ith in  each sh ad ed  
disc  is th e  difference o f  th e  su m  rates b etw een  th e  correspon d ing  se ts . For exam p le  th e  
su m  rate o f  th e  cell ed ge users w ill be:
(  I  fdet[<r2I + - L - - H H t ] )
Ccell-edge =  C r6 ~  C Ta =  lim  E  —  lo g 2 V T* --------------
oo { N  (detfe2I + ^ - H r5Ht5] ) ;  
N -« o  \ N  (d e t f e 2!  +  — ■ ■ H r4 H r j )  )
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set 1 (Users close to BS)
Complement of set 1 in set 2 
Complement of set 2 in set 3 
Complement of set 3 in set 4 
Complement of set 4 in set 5 (edge users)
F igu re 5.1: U ser su b sets  exam ple.
F igu re 5.2: H exagon  co n ta in in g  users th a t  are b e in g  d ecod ed  sim u ltan eou sly .
5.4 U ser D ecod in g  orders
5 .4 .1  G e o m e t r i c  F o r m u l a t i o n
T h e m ain  id ea  o f th is  approach  is th a t  users th a t  lie w ith in  h exagon s o f  vary in g  sides  
are b e in g  d ecod ed  first w h ile  th e  rest are b e in g  trea ted  as in terference. In F igu re 5.2  
such  a  h exagon  is b e in g  illu stra ted . T h e  sid e  o f th e  h exagon  is <i, w h ile  r G [0, -s/2] is 
alw ays a fu n ction  o f th e  in ter-site  d is ta n ce  s. T h e area covered b y  such  a  h exagon  is 
given  by:
+  =  6 x  —rd =  2 \ / 3 r2 (5-5)
A ssu m in g  K  users per u n it area th e  num ber o f users w ith in  any g iven  h exagon  w ith  
side d = 2r/j3 is:
K h =  2 \ /3  r 2R  (5.6)
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F igu re 5.3: T w o  step s  o f th e  forw ard d ecod in g  order.
5 .4 . 2  F o r w a r d  o r d e r i n g
In th e  forw ard ordering case a  in itia l d ecod in g  range n ,  is p icked. A ll th e  users th a t  
lie  w ith in  th e  sh ad ed  h exagon s (see F igu re 5 .3 ) are b ein g  d ecod ed  first w h ile  th e  rest 
are b ein g  trea ted  as in terference. T h e  d eco d in g  range is th en  increased  to  r2 and  th e  
sam e proced ure takes p lace till th e  w h ole  ce ll is covered (rn =  s /2 ) .
T h ere has to  be n o ted  aga in  th a t th is  p roced u re is tak in g  p lace s im u lta n eo u sly  for 
all B ase  sta tio n s . T h is  essen tia lly  m ean s th a t , under th e  n o tio n  o f a  hyper-receiver, 
on ce a  B S  h as d ecod ed  th e  users th a t  lie  w ith in  its  cell, a u to m a tica lly  ” k n ow s” th a t  
all th e  corresp on d in g  u sers in  all o th er  ce lls  have a lso  b een  d ecod ed  ( N  x  K E u sers). 
A s a  resu lt th ese  users do n ot have to  b e  considered  as in terference w h en  th e  d ecod in g  
p rocess is tak in g  p lace.
5 .4 . 3  R e v e r s e  o r d e r i n g
In th e  reverse ordering case a in itia l d eco d in g  range 77  <  s / 2  can  b e  picked. A ll th e  
users th a t lie  ou ts id e  th e  sh ad ed  h ex a g o n s (see F igure 5 .4) are b e in g  d ecod ed  first 
(K  — 2 \ / 3 r \ K  users p er cell) w h ile  th e  rest are trea ted  as in terference. T h e  d ecod in g  
range is th en  d ecreased  to  r2 and  th e  sam e procedu re is tak in g  p lace till th e  w h ole  cell 
is covered  (rn =  0).
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F igu re 5.4: T w o  step s  o f  th e  forw ard reverse d ecod in g  order.
V / / / Z \  decoded usersun-decoded users
ri=s/4-step*dr 
dr r4= s/4+ step* dr
F igure 5.5: T w o  step s  o f th e  m idd le d ecod in g  order.
5 . 4 . 4  M i d d l e  o r d e r i n g
In th e  m idd le ordering case th e  in itia l d eco d in g  range is se t to  s / 4  — d r  and w e keep  
d ecod in g  inw ards tow ard s th e  b ase  s ta tio n . W h en  all th e  inner users are d ecod ed  
th e  d ecod in g  range is set to  I S D / 4  +  d r  and  w e start d ecod in g  ou tw ards-tow ards  
th e  ed ge o f  th e  cell. A ga in  all th e  users th a t  lie  w ith in  th e  sh ad ed  areas (see F ig ­
ure 5 .5 ) are b e in g  d ecod ed  first: 2 \ / 3  ( ( I S D /4 ) 2 — d r2) K  inner users per cell and  
2 \ /3  ( d r 2 — ( I S D / 4 ) 2) K  ou ter  users per ce ll).
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5 . 4 . 5  S t e p s
A ll m eth o d s a llow  flex ib ility  in  th e  cho ice  o f th e  size o f  th e  step s  tak en  during th e  
in crea se /d ecrea se  o f  th e  d ecod in g  ranges. O n e choice w ou ld  b e  to  keep  a  linear re la tion  
b etw een  su ccessive  ranges e .g . : rn — n x  77  for th e  th e  forw ard d eco d in g  stra tegy . 
A n oth er  b e tter  ch o ice  w ou ld  b e  to  keep  ch an g in g  th e  step s  in  su ch  a  w ay th a t th e  
sam e num ber o f  u sers are ad d ed  to  th e  d eco d in g  process each  tim e . A ccord in g  to  th e  
g eom etry  o f th e  sy s te m  th is  s tra teg y  w ill lead  to  th e  follow ing:
fdo: rn = V n r i ,  rn e [77, s /2 ]
rdo: rn =  ftnn, rn G [0, s /2  -  ftnmaxri\
m do: 7’n,inner =  s /4  ftnvi , V'n,inner €  [0 , s / 4]
Ax,outer =  s /4  +  y/nv7, 7’n,outer £ [ ~n/f!L +  j s /2]
(5 .7)
5.5 A verage user su m -rate
5 .5 . 1  G e n e r a l  C a p a c i t y  F o r m u l a t i o n
A s exp la in ed  in  sec t io n  6 .3 .3  (eq u a tio n  (5 .3 ))  th e  p er-cell d ecod ed  u ser s’ su m  ra te  for 
a  su b se t o f  th e  ce ll defined  b y  d ecod in g  ran ge r is  g iven  by:
/ i  (d e t [I  +  T n  H H 1])  
2 (d e t [I  +  7 r ,  H rH j ] )
(5 .8 )
For a  specific  d ecod in g  range r , H r is th e  ch annel a tten u a tio n  m a tr ix  o f a ll th e  users  
o u ts id e  th e  d eco d in g  range o f  a ll b ase  s ta tio n s . T h e  size  o f th is  m a tr ix  differs accord ing  
to  d ecod in g  stra teg y  em ployed:
fdo: nRxN  x  riTx { K  — 2 \ /3 r 2K )
rdo: u r xN  x  n Tx(2 \ /3 r 2K )
m do: urxN  x utx(I< ~ 2V3(r2 -  r2)K)
(5 .9 )
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T h e  u su a l b asic  s im p lifica tion  th a t th ere  is a  su ffic ien tly  large nu m ber o f  users in  each  
cell, is a ssu m ed  here. B y  u sin g  J en sen ’s in eq u a lity  [62] th e  ex p e c ta t io n  in  (5 .8 ) can  b e  
m oved  in sid e  th e  lo g -d e t [3] an d  th en  w e have:
K eep in g  a lso  in  m in d  th a t a ll s ign a ls are u sefu l, th is  g ives an upper bound for th e  
ca p a c ity  w h ich  is tight when K  is large [3].
So, th e  p rob lem  redu ces to  ch aracterize th e  m ea n  va lue o f  A  =  I  +  r r x • H H t  an d
P a th  a tten u a tio n  coeffic ien ts, are a  fu n ction  o f U T s  p osition s . A s a ll th e se  coeffic ien ts  
are d ep en d en t on  d istan ces b e tw een  tra n sm itter  an d  receivers w h o se  p o sitio n s  are fixed , 
is a  d eterm in istic  m a tr ix  for a  g iven  sn a p sh o t o f  th e  sy stem . E ach  received  sign a l, 
exp eriences an  in d ep en d en t fad in g  coeffic ien t, g. T h e  s ta tis t ic a l p rop erties o f  th e se  
coeffic ien ts d eterm in e th e  capacity . .
A s a  resu lt, a ll th e  off-d iagon al en tr ies o f  th e  ex p ec ted  covariance m a tr ix  are zero an d  
a ll th e  d iagon a l entries are sam e (w ith  Efpp*] =  1) and  are g iven  as:
W h ere ip(r) is th e  a tte n u a tio n  factor b etw een  th e  b ase  s ta t io n ’s a n ten n a  o f in terest and  
th e  k fy  user in  th e  sy stem . Su b scrip t (r)  is u sed  to  d is tin g u ish  b e tw een  th e  overall 
ch annel m atr ix  e lem en ts an d  th e  e lem en ts corresp ond in g  to  th e  ch an n el a tten u a tio n  
m a tr ix  for a ll u sers o u ts id e  th e  d ecod in g  range r . For each  o f  th ese  m atr ices a ll th e
T h e  su m  rate  can  b e  d erived  b y  fo llow ing  th e  an a lysis  in  th e  p rev iou s chapter.
(5.10)
A 4 4  I + 7 tr .H tH {  for th e  g iven  s ta tis t ic a l p rop erties o f fad ing  an d  p a th  g a in  coefficients.
E(hW-Afr))=E £>(r)
M r )
diagon a l entries are sam e an d  each  en try  corresponds to  a sp ecific  B S  a n ten n a  in  th e  
sy stem . T h is  sim p lifies (5 .1 0 ) to  th e  fo llow in g  form:
=  - d et ft +  d iaS(0T* • nsrxKNE[if>2])]
N  ° g d e t [I +  d iag  ( j Tx ■ nTxK r N E (ip2})]
(5 .12 )
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5 . 5 . 2  U s e r  s u m - r a t e  p e r  s u b s e t  a n d  a v e r a g e  u s e r  r a t e
B y  su b tra ctin g  th e  ach ievab le su m -ra te  derived  b y  (5 .1 2 ), for step  n  o f  th e  p rocess from  
th e  one derived  for s tep  n + 1, one can  o b ta in  th e  user su m -ra te  per area. O ne exam p le  
for th e  forw ard d ecod in g  order is sh ow n  in  F igu re  5.1.
Since th e re  is a  se t n u m b e r of users in  each su b se t th e  average p er-u se r  ra te  in  each 
su b se t w ill be:
Ruse, =  -ftff y -  (5-13)
2 V 3 (r 2+1 -  r l ) K
5.6 R esu lts  - U ser  rates and U ser  rate d istr ib u tion
In  th is  sec tio n  th e  resu lts o b ta in ed  by p lo tt in g  (5 .12 ) and  (5 .13) for different in ter-site  
d is ta n ces and  different d eco d in g  orders are presen ted . T h e  param eters u sed  are: 500  
u n iform ly  d is tr ib u ted  users p er-cell, p a th  loss factor 2, sh ad ow in g  stan d ard  d ev ia tio n  
4d B , b an d w id th  5M H z an d  th a t 5 n ew  u sers are b e in g  d ecod ed  d u ring  each  step . 
A d d ition a lly , th e  5 users c lo sest to  each  B S  are assu m ed  to  b e  lo ca ted  w ith in  th e  
h ex a g o n  w ith  r  =  for every  case.
F igu res 5 .6 an d  5 .7  illu s tra te  th e  d ecod ed  su m -ra te  per ce ll for a ll th e  d ecod in g  orders 
exam in ed  here versus th e  d ecod in g  range. A s th e  in ter-site  d ista n ce  increases th e  
in tersection  p o in t b e tw een  th e  forw ard and  reverse d ecod in g  orders sh ifts  to  th e  left. 
T h is  essen tia lly  in d ica tes th a t  as th e  ce ll s ize  increases th e  forw ard d eco d in g  order offers 
an  ad van tage over th e  reverse d ecod in g  order as m ore u sers g e t h igher ra tes . T h e  sam e  
is  tru e  (th o u g h  n o t so  severe) w h en  on e n o tices  th e  d ecod ed  su m -ra te  ach ieved  b y  th e  
m id d le  d ecod in g  ordering. In  F igu res 5 .6  an d  5 .7  one can  a lso  n o tice  th a t  after th e  
inner users have b een  d eco d ed  th e  m id d le  d ecod in g  order p rovides th e  sam e su m -ra te  
as th e  forw ard d ecod in g  one.
In  F igu res 5 .8 and  5 .9  th e  cdfs o f  th e  u ser ra tes for a ll th ree d ecod in g  orders are p lo tted . 
O ne can  ob serve th a t th e  forw ard d eco d in g  order ach ieves h igher m in im u m  rate for a  
larger p ortio n  o f th e  users for b o th  in ter-site  d istan ces exam in ed  here. T h e  m in im u m
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F igu re 5.6: D eco d ed  user su m -ra te  for d ifferent d ecod in g  ranges. D eco d in g  range equal 
to  th e  c e ll’s rad ius provid es th e  fu ll ce ll su m -rate .
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F igu re 5.7: D eco d ed  u ser su m -ra te  for d ifferent d ecod in g  ranges. D eco d in g  range equal 
to  th e  c e ll’s rad ius p rovid es th e  fu ll ce ll sum -rate.
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F igu re 5.8: U ser  ra te  cdfs, one an ten n a  a t each  B S .
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F igu re 5.9: U ser  ra te  cdfs, one an ten n a  a t each  B S .
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F igu re 5.10: D eco d ed  user su m -ra te  for d ifferent d ecod in g  ran ges and  2 b y  2 M IM O .
rate  prov id ed  for th e  o th er  tw o d eco d in g  orders decreases as th e  ce ll sizes increase. 
N everth e less  in  th e  reverse d eco d in g  order aroun d  10% o f th e  u sers g e t s lig h tly  h igher  
rate  th a n  th e  on e th e  forw ard d eco d in g  order can  provide.
It w ou ld  b e  in terestin g  to  observe th e  effect o f m u ltip le  an ten n as on  th e  user rate  
d is tr ib u tio n  an d  i f  th e  sam e ob serva tion s h o ld  as th e  ones in  th e  s in g le  a n ten n a  case  . 
For th is  reason  in  F igu res 5 .10  to  5 .13  th e  sa m e  resu lts are p lo tte d  b u t in  th is  case each  
B S  and  each  U T  is  eq u ip p ed  w ith  tw o  receive and  tran sm it a n ten n as resp ectively . T h e  
U T  tra n sm it pow er rem ains th e  sam e as in  th e  sin g le  a n ten n as case  i.e . 200 m W  per  
U T . It can  b e  ea sily  observed  b y  th e  p lo ts  th a t  as ex p ected  th e  m u ltip le  a n ten n as do  
n o t change th e  con clu sion s derived  from  th e  sin g le  an ten n a  case. T h e  to ta l su m  rate  
as w ell as th e  m in im u m  an d  m a x im u m  ra tes are all in creased  lin early  w ith  th e  n um ber  
o f a n ten n as a t each  B S .
page 114
de
co
de
d 
bp
s/
H
z/
C
el
l
C h ap ter 5: Fairness a n d user rate distribution in joint processing
SYSTEMS
ISD  2000m , 2  antennas at each B S  and U T
F igu re 5.11: D eco d ed  user su m -ra te  for different d ecod in g  ranges an d  2 b y  2 M IM O .
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F igu re  5.12: U ser ra te  cdfs for 2 b y  2 M IM O .
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F igu re  5.13: U ser ra te  cdfs for 2 b y  2 M IM O .
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5.7  C onclusions
In  th is  chapter a  geom etr ica l and  m a th em a tica l m od el is provided  w h ich  can  b e  u sed  
to  eva lu a te  th e  user ra te  d is tr ib u tio n  o f  a  cellu lar sy s tem  in corp oratin g  a ll th e  rea listic  
sy s te m  param eters d iscu ssed  in  th is  th e s is . V ariab le cell s izes and  different d ecod in g  
orders are an a ly sed  and  th e  u p lin k  u ser ra te  d istr ib u tion  o f  a  cellu lar sy s tem  in  w h ich  
each  tra n sm itted  sign a l exp eriences a  d is ta n ce  d ep en d en t p a th  loss fa s t fad in g  and  
correlated  slow  fad ing , is derived . T h e  forw ard d ecod in g  order p rovid es h igher m in im u m  
rate  for a  larger p ercen tage  o f  th e  users. T h e  difference from  th e  o th er  d ecod in g  orders 
exam in ed  here b ecom es even  larger as th e  in ter-site  d istan ces in crease. T h e  reverse  
d ecod in g  order p rovides a  sm a ll p ercen ta g e  o f  th e  users w ith  h igher ra te  for sm all 
cell sizes. T h e  m id d le  d ecod in g  order lies b etw een  th e  tw o a forem en tion ed  orderings 
in  term s o f  fa irness b u t its  a lw ays w orse th a n  th e  forw ard d ecod in g  one. R esu lts  for 
m u ltip le  a n ten n as a t each  B S  an d  U T  are a lso  p lo tted . T h e  m u ltip le  a n ten n as increase  
th e  m in im u m  and  m a x im u m  rates lin ear ly  w ith  th e  num ber o f a n ten n a s a t  each  B S  as 
exp ected . T h e  sam e is tru e  for th e  to ta l su m  rate  as w ell.
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E p i l o g u e
Chapter V y
6.1 C on clusive Sum m ary
In form ation  T h eo retic  s tu d ies  have sh ow n  th a t  h igh  sp ectra l efficiencies ca n  b e  ach ieved  
th rou gh  jo in t B a se  s ta t io n  co -o p era tio n , a lso  know n as m u lti-ce ll p rocess in g  (M C P ),  
com p ared  to  th e  tra d itio n a l in terferen ce-lim ited  sy stem s. T h e  con cep t th a t  a ll B S s are 
in terco n n ected  th rou gh  a  h yp er-p rocessor  cha llen ge th e  u su a l n o tio n  th a t  in terference  
is  a lw ays harm ful. In  th a t  sen se , th is  th e s is  h as in vestiga ted  th e  ca p a c ity  lim its  o f  th e  
G au ssian  C ellu lar M u ltip le  A ccess C h an n el b ased  on  th eo re tica lly  o p tim a l com m uni­
ca tio n  stra teg ies  or ig in a tin g  from  m u lti-u ser  in form ation  theory.
C h ap ter  2 lays th e  b asis for th e  an a ly s is  o f  G C M A C  b y rev iew in g  th e  m a in  th eorem s an d  
resu lts o f  m u lti-u ser  in form ation  theory . T h e  fu n d am en ta l in form ation  th eo ry  m etrics  
w ere defined  an d  th e  ca p a c ity  o f  a  s in g le  ce ll M IM O  m u lti-u ser sy s te m  w as p resen ted . 
T h e  co n cep t o f  B S  co -op era tion  w as th e n  d escrib ed  as a  m ean s o f e lim in a tin g  in ter­
ce ll in terference. F ollow ing  th is  d escr ip tio n  th e  m ajor m od els an d  th e  m a th em a tica l 
form ulae th a t  w ere u sed  in  th e  litera tu re  to  find  th e  cap acity  o f  G C M A C  w ere an a ly sed  
a n d  th eir  m a in  lim ita tio n s  id en tified . T h e  m a th em a tica l basis for th e  w ork in  th is  th es is  
w as th en  p resen ted  an d  th e  m a in  d ifficu lties in  d eterm in in g  th e  su m -ra te  o f  G C M A C  
w ere id en tified , w h ich  layed  th e  p a th  for th e  w ork in  th e  fo llow in g  chap ters. S ince  
B S -co o p era tio n  lead s to  n on -h arm fu l in terferen ce th e  con cep t o f R ise-over-T h erm al
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w as th en  in trod u ced  as a  p aram eter  th a t  con tro ls th e  ca p a city  o f  G C M A C  w ith  jo in t  
p rocessin g . F in a lly  th e  p a th -lo ss  m o d e l a lon g  w ith  th e  m a in  sy s tem  param eters th a t  
w ere u sed  for th e  rest o f  th e  th es is  w ere presen ted .
In  C h ap ter  3, th e  sin g le  a n ten n a  G au ssian  C ellu lar M u ltip le  A ccess  C h an n el (G C M A C )  
m o d el in itia lly  p rop osed  b y  W yn er  an d  la ter  ex ten d ed  b y  S om ekh  an d  S h am ai to  ac­
cou n t for m u lti-p a th  fad in g , w as ex ten d ed  in  tw o d irections. M u ltip le  an ten n as w ere  
ad d ed  to  B S s and  U T s an d  th rou gh  a  tran sform ation  o f th e  resu ltin g  b lock  circu lan t  
e x p ec ted  ch an n el covariance m a tr ix  a  c lo sed  form  form ula w as derived  th a t  su p p le­
m en ts th e  a lready ex is tin g  on es for th e  s in g le  a n ten n a  case. T h e  resu lts  sh ow  th a t th e  
ca p a c ity  lim it d ep en d s on  th e  n u m ber o f a n ten n as a t th e  B a se  S ta t io n  and  th e  pow er  
per tra n sm it an ten n a . S in ce  th ere  are m an y  cellu lar tra n sm itters, each  tra n sm itter  on ly  
n eed s on e (rather th a n  m u ltip le ) an ten n as in  order to  ach ieve fu ll cap acity . T h e  cap ac­
ity  difference b e tw een  th e  A W G N  and  R a y le ig h  fad in g  chann els w as a lso  q uan tified  and  
it  w as ob served  th a t  in  th e  A W G N  case  ad d in g  m u ltip le  a n ten n as a t th e  B S  offer m in i­
m a l ca p a c ity  im p rovem en t com p ared  to  th e  linear increase th e y  provide in  th e  R ay le igh  
case. T h e  secon d  ex ten s io n  to  th e  p lan ar G C M A C  w ith  sm a ll sca le  fad in g  m o d el w as  
don e b y  rem ovin g  th e  crude a ssu m p tio n  th a t  a ll u sers in  a  ce ll are co -lo ca ted  a t th e  
B S ’s p o sitio n . T h is  w as ach ieved  b y  u sin g  a m ore rea listic  d is ta n ce-d ep en d en t p a th  loss  
factor. T h e  users w ith  sim ilar d is ta n ce  from  th e  b ase  s ta tio n  o f  in terest w ere grouped  
in  tiers o f  in terference an d  th e ir  p a th  lo ss  w as ap p rox im ated  u sin g  th e  average d istan ce  
o f th e  users from  th e  b ase  s ta t io n  o f  in terest. T h e  cap acity  o f  th e  cellu lar sy s tem  w as 
th en  form u lated  for fad in g  en v iron m en ts w ith  different m ean . It w as observed  th a t  by  
assu m in g  sam e p a th  loss w ith in  th e  ce ll (s in g le  a lp ha factor) W y n e r ’s m o d e l prov id ed  a  
lo o se  u p p er b ou n d  on  th e  capacity . T h e  form ula derived  brou gh t th e  ex is tin g  G C M A C  
m o d el ca p a city  resu lts closer to  reality . G raphs for different p a th  lo ss factors w ere a lso  
prod u ced . A ll resu lts w ere verified  b y  M on te  Carlo sim u lation .
T h e  ex is tin g  m od els  are in a d eq u a te  to  ca lcu la te  ca p a c ity  lim its  for m ore com p lex  sy s­
tem s b o th  in  term s o f  geo m etry  (users d istr ib u ted  on  th e  coverage area) an d  channel 
co n d itio n s (sh ad ow  fa d in g ). In  th is  co n tex t , in  C hap ter 4, a  m o d e l w h ich  can  b e  u sed  to  
eva lu a te  th e  u p link  ca p a c ity  o f a  ce llu lar sy s tem  under th e  n o tio n  o f  a  liyper-receiver in ­
corp oratin g  rea listic  sy s te m  p aram eters, w as b u ilt and  an a lysed . A s a  resu lt, a  form ula
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for th e  u p lin k  ca p a city  o f  a  ce llu lar sy s te m  in  w h ich  each  tra n sm itted  s ig n a l exp eriences  
a  d ista n ce -d ep en d en t p a th  lo ss, fa st fad ing  an d  sh ad ow  fad ing , w as derived . T h is  m o d el 
w as further d ev e lo p ed  to  in corp ora te  m u ltip le  an ten n as an d  sh ad ow in g  correlation . A  
sy s te m  sim u lator  th a t in corp ora tes rea listic  d is ta n ce  d ep en d en t e stim a to rs for U T  and  
B S  sh ad ow in g  correla tion  w as a lso  im p lem en ted  in  order to  p roperly  verify  th e  th e o ­
retica l resu lts. T h e  ex is tin g  d is ta n ce  d ep en d en t e stim a tio n  m o d els  n eed ed  m od ifica tion  
as th e y  w ere fa iling  to  p rod u ce  P o sit iv e -S em i-D efin ite  (P S D ) correla tion  m atrices. A s  
ex p ected , th e  in creasin g  stan d ard  d ev ia tio n  o f th e  sh ad ow in g  com p on en t, as w ell as 
th e  in creasin g  cell rad ius, h ave a  n eg a tiv e  im p a ct on  th e  cap acity . T h e  resu lts a lso  
sh ow ed  th a t th e  p a th  lo ss  factor h as a  larger im p a ct on  th e  ach ievab le  su m -rate  th a n  
th e  stan d ard  d ev ia tio n  o f  th e  sh ad ow in g  co m p o n en t. A d d in g  m u ltip le  a n ten n as a t th e  
B S s offer a  linear in crease to  th e  ca p a c ity  o f  th e  sy s tem  w h ile  m u ltip le  a n ten n as a t th e  
U T s are irrelevant as th e  ca p a c ity  d ep en d s o n  th e  tra n sm it pow er p er U T . In terestin g ly  
en ou gh  it w as a lso  sh ow n  th a t  th e  correla tion  o f  th e  sh ad ow in g  co m p o n en t do n o t affect 
th e  ach ievab le ca p a city  w h en  B S  co -o p era tio n  is in  place.
S u b seq u en tly , b ased  on  th e  m o d e l b u ilt in  th e  p reviou s chapter, C h ap ter  5 provid ed  
a  geom etrica l an d  m a th em a tica l m o d e l w h ich  can  b e  u sed  to  ev a lu a te  th e  fa irness in  
a  cellu lar sy s tem  in corp ora tin g  a ll th e  rea listic  sy s tem  param eters d iscu ssed  in  th is  
th es is . V ariab le ce ll sizes an d  d ifferent d eco d in g  orders w ere an a ly sed  an d  th e  u p lin k  
user ra te  d istr ib u tion  o f  a  cellu lar sy s te m  in  w h ich  each tra n sm itted  s ig n a l exp eriences  
a  d ista n ce  d ep en d en t p a th  loss fa st fad in g  an d  correlated  slow  fad ing , w as derived . 
In terestin g ly  enou gh , am on g  th e  th ree  different d ecod in g  orders exam in ed , th e  forw ard  
one provides th e  b e st  resu lts  b o th  in  term s o f  fairness (larger p ercen tage  o f  u sers get  
sa tisfa c to ry  ra tes) an d  m in im u m  ra te . T h ere  has a lso  to  b e  n o ted  th a t  none o f  th ese  
d ecod in g  orders affect th e  su m -rate .
6.2 Future W ork
In  th is  th es is  th e  ca p a c ity  lim its  o f  rea listic  G C M A C  w ere p rovided . T h e  form ulae  
d erived  can  b e  u sed  to  eva lu a te  th e  ach ievab le su m  rate  o f  p ractica l sy s tem s em p loy in g  
f ull B S  co -op era tion , g iven  th e  p aram eters th a t  con tro l th a t  capacity . N ev erth e less  a  lo t
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o f research  n eed s to  b e  carried  o u t in  th e  d irectio n  o f  h ow  th o se  lim its  ca n  b e  ach ieved . 
I f  th is  is n o t fea sib le  th en  w ork is n eed ed  o n  h ow  th e  rem oval o f  som e o f th e  id ea l 
assu m p tio n s affect th e  capacity . In  th is  d irection  th is  sec tio n  d iscu sses th e  lim itin g  
factors w h ich  h ind er th e  rea listic  p erform an ce eva lu a tion  an d  p ra ctica l im p lem en ta tio n  
o f m u lti-ce ll p rocessin g  sy s tem s an d  p rop oses fu tu re  research  ex ten sio n s.
6 .2 . 1  C o d i n g  a n d  m o d u l a t i o n
O ne fu n d am en ta l lim ita tio n  th a t  w as a ssu m ed  in  th is  th es is  is  th a t  o f  th e  u n lim ited  
G au ssian -d istr ib u ted  a lp h a b et th a t  is  required  in  order to  ach ieve th e  ca p a c ity  lim it. 
H ow ever u n til n ow  th ere  are lim ita tio n s  on  th e  co n ste lla t io n  size  as in  p ractica l sy s tem s  
th e  m o d u la tio n  rarely g o es  b ey o n d  512 -Q A M  d ue to  D S P  hardw are lim ita tio n s . A s a  
resu lt th e  ra te  sto p s in creasin g  w ith  S N R  after a  specific  th resh o ld . T h is  lim ita tio n  
m ay a lso  have an  im p a ct on  th e  su m -ra te  o f sy s tem s em p loy in g  B S  co -op era tion . A lso  
in  p ractice  in fin ite ly  lon g  G au ssian  cod eb lock s can n ot b e  im p lem en ted .
6 . 2 .2  W i d e - b a n d  F a d i n g  C h a n n e l
S ince th is  th es is  exam in es th e  ergod ic ca p a c ity  o f  th e  cellu lar m u ltip le  access channel, 
th e  a ssu m p tio n  o f  n arrow -band  fiat fad in g  w as preserved. H ow ever, th e  a c tu a l w ireless  
ch ann els are o ften  w id e-b a n d  an d  therefore  t im e  d isp ersive an d  freq u en cy  se lec tive . 
W h ile  th e  ca p a c ity  o f a  w id e-b a n d  ch an n el can  b e  seen  as th e  su m  o f  parallel n on ­
in terfering flat fad in g  on es [13], th e  in v es tig a tio n  o f  cellu lar sy s tem s, u n d er th e  n o tio n  
of a  hyper-receiver, th a t  op era te  over a  w id e-b a n d  channel is an  im p o rta n t to p ic  tow ards  
eva lu a tin g  th e  p erform ance in  rea l w orld  con d ition s.
6 .2 . 3  L i m i t e d  B S  C o - o p e r a t i o n
A ll B S s w ere a ssu m ed  to  b e  in ter -co n n ected  th rou gh  a  h yper-receiver w ith  in fin ite  
p rocessin g  ca p a b ilit ies , sin ce  th is  receiver n eed s to  take in to  accou n t a ll th e  U T s o f  th e  
cellu lar sy stem . T h e  co m p u ta tio n a l load  in vo lved  is  b eyon d  th e  p rocess in g  ca p a b ilit ies  
o f current processors.
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A n oth er lim itin g  factor  is th e  ra te  an d  d elay  lim ita tio n s  o f th e  b ack h au l sy s te m  th a t  
in tercon n ects  th e  B S s, sin ce  it  is n o t a lw ays feasib le  to  d ep loy  fibre o p tic  links d ue to  
fin an cia l or geograp h ica l reasons.
In  th is  case th e  co n cep t o f c lu ster in g  ca n  b e  u tilised  so  as n o t to  sacrifice  th e  ca p a c ity  
en h an cem en ts ach ieved  w ith  th e  g lo b a l B S  co -op era tion  schem e. T h e  c lu ster in g  sch em e  
assu m es o n ly  a  lim ited  num ber o f  co -o p era tin g  cell tiers re ly in g  on  th e  fact th a t  th e  
w ireless s ign a l d ecays fa st w ith  th e  d istan ce . T h is  a lso  decreases th e  c o s t  o f  th e  in fras­
tru ctu re  as th e  in tercon n ection  can  b e  d on e lo ca lly  in stea d  o f g lobally . O ne draw back  
o f  th e  c lu ster in g  sch em e is  th a t  it  lead s to  in terference lim ited  sy s tem s as th ere  is th e  
in ter-c lu ster  in terference to  b e  a ccou n ted  for. T h e  effect o f th ese  u n w an ted  sign a ls b e ­
com es m ore ev id en t as th e  c lu ster  s ize  d ecreases. T h is  can  p o ss ib le  lea d  to  d ecreased  
su m -ra te  esp ec ia lly  for th e  c lu ster-ed ge  B S s. C o-ord in ation  a m on gst th e  c lu sters cou ld  
p o ss ib ly  a llev ia te  th is  n eg a tiv e  effect u tiliz in g  effective in terference con tro l and  m an ­
agem en t tech n iq u es th rou gh  shared  con tro l in form ation . T h e  p ion eer in g  w ork in  [63] 
offers som e first in s ig h t in to  th e  c lu stered  schem e.
6 . 2 . 4  L i m i t e d  C h a n n e l  S t a t e  I n f o r m a t i o n
P erfect C h an n el S ta te  In form ation  is a ssu m ed  to  b e  availab le a t th e  receiver en d  (per­
fec t C SIR ) in  order to  ach ieve th e  o p tim a l su m -ra te  capacity . T h e  B S s require th e  
ch an n el s ta te  in form ation  o f  th e  u p lin k  ch an n el in  order to  jo in tly  d eco d e  th e  received  
sign a ls. I f  th is  in form ation  is n o t ava ilab le  th e  d ow nlink  ch an n el ga in s can  b e  u tilised  
in stea d . I f  th e  u p lin k -d ow n lin k  ch an n el rec iprocity  ap p lies th is  d iscrep an cy  is o f m inor  
im p ortan ce. N ev erth e less  th is  id ea l a ssu m p tio n  rarely ex is ts  in  p ra c tice  an d  ch annel es­
t im a tio n  errors are u navo id ab le . T h ese  errors can  a lso  com p rom ise  th e  p erform ance o f  
th e  in terference ca n ce lla tio n  sch em es [64]. T h e  d egrad ation  o f  th e  in form ation -th eoretic  
ca p a city  d ue to  im p erfect ch ann el e s t im a tio n  is exam in ed  in  [65, 66]. C h ann el e stim a ­
tio n  errors can  a lso  com p rom ise  th e  p erform ance.
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6 . 2 . 5  Q o S  c o n s t r a i n t s
S in ce  th e  o b jec tiv e  o f  th is  th e s is  w as to  ev a lu a te  th e  m axim u m  su m -ra te  no Q oS re­
qu irem ents w ere assum ed . In  p ractice  th o u g h  th ere  is a  num ber o f  Q oS con stra in ts  
th a t  have to  b e  m et, n a m ely  m in im u m  ra te  an d  delay  con stra in ts . T h u s an in terest­
in g  scenario  w ou ld  b e  to  m a x im ise  th e  su m -ra te  w h ile  m eetin g  a  m in im u m  rate  and  
d ela y  con stra in t for a ll or a  m arg in  o f  th e  U T s . T h is  ob jec tiv e  cou ld  b e  ach ieved  by  
Q oS-aw are pow er a llo ca tio n  a lgor ith m s. T h ere  h as to  b e  n o ted  th a t  th e  o u ta g e  cap ac­
ity  is a  m ore ap p rop ria te figure o f  m erit th a n  th e  ergodic ca p a c ity  w h en  it  com es to  
d elay -sen sitive  sy stem s.
6 .2 . 6  U s e r  D e c o d i n g  O r d e r s
T h e  w ork carried  ou t in  C h ap ter  5 cou ld  form  th e  basis o f  ex ten s iv e  research  in  th e  
area o f  user-ordering an d  fa irness in  term s o f  their  geograph ica l p o s itio n  a n d /o r  Q oS  
requirem ents. Several m ore d ifferent d eco d in g  orders cou ld  b e  ex a m in ed  w h ile  th e  
geom etric  m o d e l p rov id ed  cou ld  b e  u sed  to  d istin gu ish  b etw een  severa l c lasses o f  users  
w ith  different Q oS requ irem ents. A lg o r ith m s th a t  ca lcu la te  th e  b e st  p o ss ib le  d ecod in g  
order in  term s o f  fa irness cou ld  a lso  b e  im p lem en ted .
A n o th er  in terestin g  research  p a th  w ou ld  b e  to  incorporate th a t  m o d e l in  th e  interfer­
en ce  lim ited  c lu ster in g  sch em e so  to  in v es tig a te  th e  effect o f c lu ster in g  on  user rate  
d istr ib u tio n  and  fairness.
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